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We  have  studied  the  GKRS  construction  of  an  Euler  multiplet  of  semisimple 
complex  Lie  algebras  and  extended  the  construction  to  basic  Lie  super  algebras.  We 
have  observed  that  the  Kostant's  cubic  Dirac  operators  of  these  two  algebras  are  in 
a  similar  form  and,  in  the  case  of  Lie  algebras,  are  analog  to  the  supercurrents  in 
superconformal  field  theories.  At  the  level  of  representation  theory,  we  have  studied 
the  analogy  between  the  GKRS  construction  of  the  Euler  multiplet  of  semisimple 
complex  Lie  algebras  and  the  Kazama-Suzuki  construction  of  super-Kac-Moody 
algebras  associated  with  superconformal  field  theories.  The  Euler  multiplets  con- 
structed by  the  GKRS  method  were  found  to  be  the  intrinsic  ground  states  of 
superconformal  theories.  The  minimum  eigenvalues  of  the  Kostant  operator  in  the 
GKRS  construction  and  of  energy-momentum  tensor  in  the  Kazama-Suzuki  con- 
struction were  derived  from  the  Euler  multiplet  and  were  shown  to  be  zero.  We  also 
studied  the  gauged  supersymmetric  Wess-Zumino-Witten  Lagrangian  and  derived 
the  superconformal  generators,  supercurrents  and  energy-momentum  tensors,  in 
the  SU{2)IU{\)  case. 
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CHAPTER  1 
INTRODUCTION 


The  study  of  some  patterns  [1],  connected  with  N  =  1  supergravity  theory 
in  eleven  dimensions,  has  recently  been  understood  in  terms  of  a  Weyl  character 
formula  by  GKRS  [2],  based  on  equal  rank  embeddings  of  reductive  subalgebras^ 
of  semisimple  complex  Lie  algebras.  By  using  the  GKRS  construction,  all  possible 
equal  rank  embeddings  were  cataloged,  and  nearly  all  supersymmetric  multiplets  of 
massless  and  massive  particles  which  have  already  known  in  supersymmetric  gauge 
field  theories  emerge  as  the  lowest  lines  of  the  infinite  tower  Euler  multiplet  spectra, 
some  of  them  shown  in  details  in  Ref.  [1].  Immediately  after  the  appearance  of 
the  Weyl  character  formula  for  equal  rank  embedding  as  an  index  formula  for  the 
Dirac  operator,  Kostant  moved  the  subject  forward  and  related  the  Euler  multiplet 
spectra  to  the  kernel  of  a  cubic  Dirac  operator  [3]. 

In  this  thesis,  we  extend  the  GKRS  character  formula  and  Kostant's  cubic 
Dirac  operator  for  equal  rank  embedding  of  semisimple  complex  Lie  algebras  to 
those  of  basic  Lie  super  algebras  [4].  In  chapter  2,  we  give  a  brief  review  of  the 
GKRS  construction  and  of  Kostant's  cubic  Dirac  operator.  The  minimum  eigen- 
value of  the  square  of  the  Kostant  operator  is  derived  from  an  Euler  multiplet.  The 
lowest  hues  of  the  Euler  multiplets  are  classified  by  SO{dim  g/h).  50(16)  triplets 
as  an  exception  to  the  GKRS  construction  are  shown.   In  chapter  3,  we  apply 

the  GKRS  construction  to  basic  Lie  superalgebras.  The  Kac  character  formulas 
^  A  reductive  Lie  algebra  is  the  direct  sum  of  semisimple  Lie  algebras  and  abelian  Lie  algebras. 
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are  derived  in  terms  of  equal  rank  subalgebras.  We  give  a  simple  and  explicit 
formulation  for  a  typical  representation  of  type  I  Lie  superalgebras  and  build  a 
multiplet  of  type  I  Lie  superalgebras  from  that  of  semisimple  complex  Lie  alge- 
bras. Kostant's  cubic  Dirac  operator  is  constructed  for  full  Lie  superalgebras  and 
then  for  equal  rank  embeddings.  In  chapter  4,  the  superconformal  field  theories 
according  to  the  Kazama-Suzuki  construction  [5]  are  classified  by  the  equal  rank 
embeddings.  We  show  that  at  the  level  of  representation  theory  there  is  a  corre- 
spondence between  the  GKRS  construction  and  the  Kazama-Suzuki  construction. 
The  Euler  multiplets  constructed  by  the  GKRS  method  are  shown  to  be  the  in- 
trinsic ground  states  of  the  superconformal  theories.  The  minimum  eigenvalue  of 
energy-momentum  tensor  in  the  Kazama-Suzuki  construction  is  derived  from  the 
Euler  multiplet  and  is  shown  to  be  zero.  In  chapter  5,  we  study  the  gauged  su- 
persymmetric  Wess-Zumino-Witten  action  of  SU{2)/U{1)  model  and  derive  the 
superconformal  generators  from  the  gauge-fixed  Lagrangian.  Up  to  some  multi- 
plicative factors,  the  superconformal  generators  turn  out  to  be  similar  to  those 
constructed  by  Kazama  and  Suzuki. 


CHAPTER  2 

GKRS  CONSTRUCTION  OF  AN  EULER  MULTIPLET: 
SEMISIMPLE  COMPLEX  LIE  ALGEBRAS 

In  this  chapter,  we  review  the  GKRS  construction  of  an  Euler  multiplet  of  a 
semisimple  complex  Lie  algebra  in  section  2.1  and  Kostant's  cubic  Dirac  operator 
in  section  2.2.  The  minimum  eigenvalue  of  the  square  of  the  Kostant  operatoris 
derived  from  an  Euler  multiplet  in  section  2.3.  The  lowest  hues  of  the  Euler  mul- 
tiplets  are  classified  according  to  S'0(dim  g/h)  in  section  2.4  and  50(16)  triplets 
that  are  exception  to  the  GKRS  construction  are  briefly  mentioned  in  section  2.5. 

2.1    GKRS  character  formula  of  semisimple  Lie  algebras 

Let  /i  be  a  complex  reductive  subalgebra  of  a  semisimple  complex  Lie  algebra  g. 
Assume  that  both  g  and  h  have  the  same  rank.  Let  C  be  order  of  C,  the  quotient 
of  the  Weyl  group  of  g  by  that  of  h.  The  restricted  conditions  for  this  kind  of  equal 
rank  embedding,  g  ^  h,  are  that  (1)  positive  roots  of  g  must  contain  those  of  /i,  i.e. 
^'^{g)  D  ^'^(h),  and  (2)  the  simple  roots  of  g  and  h  must  be  chosen  consistently 
so  that  the  positive  Weyl  chamber  of  h  contains  that  of  g.  In  the  Cartan-Weyl 
basis,  the  elements  c  of  C,  the  quotient  of  the  Weyl  group  W{g)/W{h),  acting  on 
the  sum  of  highest  weight  A  and  pg,  the  Weyl  vector  of  g,  and  then  subtracting 
by  ph,  the  Weyl  vector  of  h,  generate  C  irreducible  representations  of  h,  called  a 
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C-multiplet  or  an  Euler  multiplet, 

{€•  A:=  c{A  +  Pg)  -  ph}- 

The  Weyl  character  formula  of  the  irreducible  representation  of  ^,  V^a,  can  be 
rewritten  in  terms  of  the  irreducible  representation  of  h,  U^a,  as  follows: 

^'  E,.eW(g)Sgn(u;)e-/'. 


=   ^Esg^(^)x(t^c.A),  (2-1) 

cec 

where  ^'^{g/h)  is  the  set  of  roots  in  ^^{g)  not  contained  in  ^'^{h)  and  A  is  the 
character  difference  of  two  spinor  representations,  5+  and  S~,  of  50 (dim  g/h), 
i.e. 

A:=     n     {e'-e-')  =  xiS^)-xiS-). 
<t>ei+{9/h) 

The  beauty  of  (2.1)  is  that  it  gives  us 

Va  ®  5+  -  Va  ®  5-  =  J]  sgn(c)C/c.A.  (2.2) 

cec 

(2.2)  should  be  viewed  as  an  equation  in  the  Grothendieck  ring  of  h.  The  Ihs  is 
the  character  of  the  difference  between  two  representations  of  the  same  dimension: 
the  representation  of  g  with  highest  weight  A  restricted  to  h  and  then  tensored 
with  each  of  the  half  spin  representations  of  50  (dim  g/h)  restricted  to  h.  In  the 
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other  words,  the  Ihs  is  the  algebraic  index  of  the  Dirac  operator  associated  to  A 
and  the  two  half  spin  representations.  The  alternating  sum  on  the  rhs  is  just  the 
dimension  difference  between  kernel  and  cokernel  of  the  Dirac  operator.  All  the 
representations  on  the  rhs  are  inequivalent  and  so  the  rhs  is  the  end  result  of  a  lot 
of  cancellation  in  the  Ihs,  in  short  an  index  formula  for  the  Dirac  operator.  The 
remarkable  consequences  of  (2.2)  are  that  a  number  of  irreducible  representations 
left  from  the  difference  of  0  5+  and  Va  ®  S~  is  always  equal  to  C,  independent 
of  A,  and  the  multiplicity  of  each  Uca  representation  is  exactly  one. 

Notice  that  C  is  an  Euler  number,  a  topological  invariant  of  a  coset  manifold 
G/H  where  G  is  the  simply  connected  and  compact  group  whose  complexified  Lie 
algebra  is  g  and  H  is  the  subgroup  of  G  associated  with  h.  Now,  we  would  hke 
to  give  some  examples  of  the  coset  manifolds  where  supersymmetric  multiplets 
appear  to  be  in  their  lowest  lines  of  the  infinite  tower  multiplet  spectra.  A''  =  2 
hypermultiplet,  A''  =  4  vector  multiplet,  and  A^  =  8  supergravity  multiplet  which 
undoubtedly  emerge  in  the  lowest  Unes  of  SU (N+l)  D  SU (N)  xU{l)  and  SO{N+ 
2)  D  S0{N)xS0{2)  series  live  on  the  A^-dimensional  complex  projective  space  and 
the  Grassmannian  manifold  of  2-planes  in  (which  is  also  an  A''-dimensional 

complex  manifold),  respectively.  If  50(2)  or  U{1)  is  viewed  as  the  light-cone 
little  group,  these  lowest  line  spectra  are  massless  supermultiplets  in  4-dimensional 
space-time.  Whereas  A^  =  1,  A^  =  2,  A^  =  3,  and  A^  =  4  massive  (massless) 
multiplets  in  4-dimensional  (6-dimensional)  space-time  which  emerge  in  the  lowest 
lines  of  Sp{2N  +  2)  D  Sp{2N)  x  Sp{2)  series  live  on  N-dimensional  quaternionic 
projective  space.  The  last  multiplet  that  we  would  like  to  mention  is  the  N  =  1 
massless  (massive)  supergravity  triplet  in  11-dimensional  (10-dimensional)  space- 
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time.  The  triplet  emerges  from  F4  D  50(9)  and  lives  on  the  (16-dimensional) 
Cayley  plane.  All  infinite  tower  multiplet  spectra  are  a  kernel  of  Kostant's  cubic 
Dirac  operator  /C  [3,  6] 

Ker(|C2)  =  Ker(/CA)  =  5][/c.A. 

cec 

Note  that  the  kernel  of  Kostant's  Dirac  operator  is  the  unsigned  sum  of  the  UcaS. 
To  recover  the  signs  on  the  rhs  of  (2.2),  one  must  take  the  index  (i.e.,  the  difference 
between  kernel  and  cokernel)  of  the  Kostant's  cubic  operator,  viewed  as  a  map  from 
the  positive  to  negative  half-spin  spaces. 

2.2    Kostant  operator  of  semisimple  Lie  algebras 
Let  J's  be  generators  of  a  semisimple  complex  Lie  algebra  g  such  that 

[J A,  Jb]  =  if[ABC\Jc,  (2-3) 

where  indices  A,  5,  C  =  1 . . .  dim  g.  A  basis  of  the  generators  is  chosen  so  that 
these  generators  are  orthonormal  with  respect  to  an  inner  product  on  g  that  is 
invariant  under  the  adjoint  action.  In  the  case  that  g  is  semisimple,  the  inner 
product  on  g  is  the  Killing  form.  Let  A  be  in  the  positive  Weyl  chamber  of  g  and 
let  J  A  be  the  image  of  J  a  under  the  irreducible  representation  of  g  with  highest 
weight  A.   Kostant's  cubic  Dirac  operator  of  the  pair  (^,A)  is  the  operator  on 
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Va®  S  ^  given  by 

fCg{A)  =  -TaJa  -  ^flABCjllAlBlC],  (2-4) 

where  the  Dirac  7-matrices  satisfy  the  Chfford  algebra 

{7a,7s}  =  25ab-  (2-5) 

Squaring  (2.4)  gives  us 

KliA)  =  {A?  +  {\hABCMiAlBlC]?  =  C2(A)  +  \P,\\  (2.6) 

where  C2(A)  =  (A,  A  +  Pg)  is  the  quadratic  Casimir  eigenvalue  of  the  irreducible 
representation  A  and  Pg  is  one-half  the  sum  of  positive  roots  of  g.  Both  C2(A) 
and  |pgp  are  calculated  in  the  orthornormal  basis  {ej  where  {ei,ej)  =  Sij.  The 
eigenvalue  of  (2.6)  is  always  positive  definite.  Therefore,  jC^  is  a  positive  eigenvalue 
operator. 

In  the  case  of  the  quotient  g/h,  the  generators  Ji,i  —  1 . . .  dim  h,  lie  in  g  and 
the  generators  Ja,a  =  h  +  1 . . .  dim  g,  are  a  basis  of  the  orthogonal  complement 
of  h  with  respect  to  the  Killing  form  on  g.  Both  Jj  and  Ja  satisfy  the  following 
commutation  relations, 

[Ji,  Jj]  =  if[ijk]Jk,  (2.7) 

[Jj,  Ja]  —  ifliab]Jb,  (2.8) 
[Ja,  Jb]  =  'if[abj]J]  +  'if[abc]Jc-  (2.9) 

^The  spinor  module  S  is  the  direct  sum  of  5+  and  S~ . 
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The  twisted  Dirac  operator    on  h  C  g  acting  on  Va  (g)  5  is 


A(A)  =  1^{J^  -  l^^[^ab\l[alb])  '  l^f[i3k]l\iljlk\,  (2-10) 


and  the  Kostant  operator  of  the  quotient  g/ h  is 

/C<,/,(A)  =/C,(A)-  A(A)  =  laJ^  -  ^/[a6c]7[a767c]-  (2.11) 


Decompose  V\®S  into  irreducible  representations  of  h.  Let  be  one  of  these  h- 
representations,  where  n  is  its  highest  weight.  Restricting  (2.11)  to  V^,  and  squaring 
gives  a  scalar  operator: 


(^.A(A)kJ^  =   {J'^A?  -       +  S.?  ^ 

-  C2{h)-CM^\P9?-\Ph\\  (2-12) 


where  Si  =  -y[iab\l[alb\-  In  the  last  line  of  (2.12),  C2(A)  is  the  quadratic  Casimir 
eigenvalue  for  g  and  C2{^i)  for  h.  The  rhs  of  equation  (2.12)  gives  the  eigenvalues 
of  (/Cg/h(A)|v^)^  acting  on  Va  ®  S.  Since  the  Kostant  operator  is  self-adjoint,  all 
of  these  eigenvalues  are  non-negative.  We  will  show  in  the  next  section  that  when 
/i  =  c  •  A,  the  eigenvalue  (2.12)  is  minimum  and  equal  to  zero: 


C2{^)-C2{^i)  +  \Pg?-\Ph\ 


0  if  //  =  c  •  A 

positive  otherwise. 


^This  operator  first  appeared  in  the  Kazama  and  Suzuki's  paper  [5]. 
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The  set  {n  =  c»A}  is  the  kernel  of  the  Kostant  operator  and  is  called  the  Euler 
multiplet. 

The  simplest  example  is  the  Kostant  operator  on  SU{2)/U{1), 

^  i 

■  l^gi^)   =    Jl  ^aJa  -  :^e[i23]0-[i(T2cr3],  (2-13) 

A=l  ^ 

A(A)   =   o^{J^-'-e^uz]0[x(J2]),  (2.14) 
/C,/,(A)   =   aiJf  +  a2J^  '  (2.15) 

where  cr's  are  the  Pauh  matrices.  Let  A  be  the  spin-j  representation  of  SU (2).  Act- 
ing on  the  subspace  oiV^®S  on  which  J3  has  eigenvalue  m  and  (T3  has  eigenvalue 
±1/2,  one  can  show  that 

(/C,/.(A)|vJ^  =  E(J^)'  -  {J^  +  53)^  +     =  j{j  +  1)  -      +  1  (2.16) 

where  53  =  —  |e[i23]f [i0'2]  and  where  rh  =  m±  5.  In  the  case  that  the  eigenvalue  of 
/C^/;j  is  equal  to  zero,  fh  =  ±(j+l/2).  When  j  =  0,  the  trivial  one-dimensional  rep- 
resentation of  SU{2),  one  yields  m  =  ±1/2,  the  lowest  line  of  the  Euler  multiplets 
of  5[/(2)/C/(l). 

2.3    Eigenvalue  of  the  square  of  the  Kostant  operator  on  g/h 

Now,  one  can  look  at  an  eigenvalue  of  the  square  of  the  Kostant  operator  from 
the  representation  theory  of  Lie  algebras.  The  eigenvalue  of  (2.12)  can  be  naively 
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derived  from  the  following  inequality, 

^  +  P9>w-\iJi  +  Ph),  (2.17) 

where  //  is  a  weight  of  h  appearing  in  the  decomposition  oiV^®S  into  irreducible 
representations  of  h  and  w  is  an  element  in  the  Weyl  group  of  g  such  that  w~^{ijl  + 
p/j)  is  a  dominant  weight.  Since  the  Weyl  group  preserves  scalar  product,  squaring 

(2.17)  yields 

\k  +  Pg?>\p-\-Ph?.       •  (2.18) 

(2.18)  gives  rise  to 

(A,  A  +  2pg)  +        >  (/X,    +  2pH)  +  \ph\\  (2.19) 

i.e. 

C2(A)-C2(//)  +  |pj'-|pfcP>0.  (2.20) 

When  ix  =  c»K,  the  square  of  Kostant's  cubic  Dirac  operator  on  g/h,  the  equation 
(2.12),  has  a  zero  eigenvalue.  Since  we  have  equality  in  (2.12)  if  and  only  if  p  =  c«A, 
when  p  7^  c  •  A,  the  eigenvalue  of  ^^^^  is  always  positive. 

The  Fi/S0{9)  is  given  as  an  example  to  verify  the  inequahty  (2.20).  The 
quadratic  Casimir  value  of  the  F4  irreducible  representation,  A  =  (ai  02  03  04)  in 
an  a;-basis  [7,  8] ,  is 


C2(A)  =  h{bi  +  11)  +  62(62  +  5)  +  63(63  +  3)  +  64(64  +  1) 


(2.21) 


11 


where 

bi   =   04  +  803/2  +  202  +  01, 
62   =   03/2 +  02  +  01, 
bs   =   03/2  +  02, 
64   =  03/2, 

and  that  of  50(9)  irreducible  representation,  A  -  (oi  02  ^3  04)  in  the  u;-basis,  is 
C2(A)  =  61(61  +  7)  +  62(62  +  5)  +  63(63  +  3)  +  64(64  +  1)  (2.22) 

where 

61  =  04/2  +  03  +  02  +  01, 

62  =   04/2  +  03  +  02, 

63  =  04/2  +  03, 

64  =  04/2. 

The  dimensional  formulas  of  the  F4  and  50(9)  irreducible  representations  are  given 
in  the  appendix  A.  Prom  the  Preudenthal-de  Vries  strange  formula  [7,  8], 

IPF4I'  -  |P50(9)|'  =  ^(P^'dim  g  -  /iMim  h)  =  18  (2.23) 

where  and  are  the  dual  Coxeter  numbers  of  g  and  h,  respectively.  Here,  we 
take  the  length  of  the  highest  root  equal  to  2  and  the  dual  Coxeter  number  is  the 
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value  of  the  quadratic  Casimir  operator  in  the  adjoint  representation  divided  by 
the  length  of  the  highest  root. 

For  convenience,  let  us  define  m?  as  the  eigenvalue  of  ICF^/so{9)i^)  restricted 

to 

=  C2(A)  -  C2(//)  +  18.  (2.24) 

For  the  first  level,  A  =  (0  0  0  0),  the  trivial  one-dimensional  irreducible  represen- 
tation of  F4,  we  obtain 

(Va  ®  5)|so(9)  =  {(2  0  0  0),  (0  0  1  0),  (1  0  0  1)},  (2.25) 

and      =  0  for  all  three  irreps  of  50(9).  Therefore,  the  triplet 

(2  0  0  0)  e  (0  0  1  0)  e  (1  0  0  1) 

is  the  kernel  of  Kostant's  cubic  Dirac  operator. 

For  the  second  level,  A  =  (0  0  0  1),  the  26-dimensional  irrep  of  F4,  we  obtain 
(Va  (8)  5)150(9)  and  as  shown  in  Table  2.1.  For  this  level,  the  kernel  of  the 
Kostant  operator  is  the  triplet 


(3  0  0  0)®  (0  0  1  1)  8(1  0  0  2). 
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At 

2 

(1  0  0  0) 

22 

(3  0  0  0) 

0 

(0  0  0  1) 

21 

(110  0) 

6 

(0  10  0) 

16 

(0  10  1) 

5 

(2  0  0  0) 

12 

(2  0  0  1) 

1 

(0  0  10) 

12 

(10  10) 

2 

(0  0  0  2) 

10 

(0  0  11) 

0 

(10  0  1) 

12 

(1  0  0  2) 

0 

Table  2.1.^     G  (26  0  S)\so{9)  and  rri^. 

For  the  next  level,  A  =  (1  0  0  0),  the  52-dimensional  irrep  of  F4,  we  obtain 
{Va  O  5)150(9)  and  as  shown  in  Table  2.2.  For  this  level,  the  kernel  of  the 
Kostant  operator  is  the  triplet 


(2100)0(01  10)0(1  101). 
^The  multiplicities  of  /x  £  {V^  (2>  5)150(9)  are  not  shown. 
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2 

(1  0  0  0) 

28 

(0  10  1) 

11 

(0  0  0  1) 

27 

(2  0  0  1) 

7 

(0  10  0) 

12 

(10  10) 

8 

(2  0  0  0) 

18 

(0  0  11) 

6 

(0  0  10) 

18 

(2  10  0) 

0 

(0  0  0  2) 

16 

(1  0  0  2) 

6 

(10  0  1) 

18 

(0  110) 

0 

(110  0) 

12 

(110  1) 

0 

Table  2.2.  ^  G  (52  (g)  S)\so{9)  and 

The  quadratic  Casimir  eigenvalues  of  the  F4  irreducible  representations  and  the 
50(9)  triplets  that  satisfy  the  minimum  of  (2.20)  are  summarized  in  Table  2.3. 


A 

C2(A) 

50(9)  triplets 

02(A) 

(0  0  0  0) 

0 

(2  0  0  0)  e  (0  0 1 0)  e  (1  0  0 1) 

18 

(0  0  0  1) 

12 

(3  0  0  0)  ©  (0  0  1  1)  e  (1  0  0  2) 

30 

(1  0  0  0) 

18 

(2  1  0  0)  ©  (0  1  1  0)  0  (1  1  0  1) 

36 

(0  0  10) 

24 

(3  0  0  1)  0  (0  0  2  0)  ©  (2  0  0  2) 

42 

(0  0  0  2) 

26 

(4  0  0  0)  ©  (0  0  1  2)  ©  (1  0  0  3) 

44 

Table  2.3.  Casimir  values  of  F4  irreps  and  50(9)  triplets. 
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2.4    Classification  of  the  lowest  lines  of  the  Euler  multiplets 

Now,  we  return  to  analyze  the  GKRS  index  (2.2), 

Va®S+  -V^0S-  =  Y1  sgn(c)[/c.A.  (2.26) 

cec 

When  Va  is  the  one-dimensional  irreducible  representation  of  g  and  it  is  trivially 
branched  into  one-dimensional  representation  of  h.  The  lowest  Hne  of  the  Euler 
multiplets  of  h  is  equal  to  a  decomposition  of  the  two  spinor  representations  of 
50(dim  g/h)  into  irreducible  representations  of  h.  In  the  case  that  an  Euler  num- 
ber C  is  small  integer,  one  can  compute  the  Euler  multiplet  from  A  =  c{A+ Pg)  -  ph 
as  shown  in  Ref  [1].  In  the  case  that  the  Euler  number  is  high  integer,  e.g.  C  >  10, 
the  Euler  multiplet  can  be  obtained  by  branching  the  irreducible  representation  Va 
and  the  spinor  representations  of  SO{dim  g/h)  into  the  representations  of  h,  ten- 
soring  them  together,  and  taking  the  difference  between  positive  and  negative  spin 
spaces.  In  the  appendix  B,  a  basic  concept  of  branching  from  g  to  his  explained 
and  the  branching  routine  is  given  in  the  LiE  programing  language. 

It  is  observed  that  when  dim  g/h  =  2^,  n  ^  I,  the  lowest  hnes  of  the  Euler  mul- 
tiplets have  the  right  degrees  of  freedom  of  the  massive  and  massless  supersymmet- 
ric  representations  of  the  supersymmetric  gauge  field  theories.  So,  it  is  convenient 
to  classify  the  lowest  lines  of  the  Euler  multipets  ^  according  to  50  (dim  g/h). 

1.  50(4): 

S+  =  2s  and  5"  =  2^. 

''The  Euler  multiplets  in  this  section  are  written  in  terms  of  dimensions  of  the  irreducible 
representations  of  h. 
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•  Spi4)  D  Sp{2)  X  5p(2) 

5+  =  (1,2), 
S-   =  (2,1). 

Since  the  group  5^(2)  is  locally  isomorphic  to  the  group  50(3),  i.e. 
Sp{2)  ~  50(3),  this  Euler  multiplet  corresponds  to  the  iV  =  1  smallest 
massive  representation  in  3  +  1  space-time  dimensions  when  one  of  the 
Sp{2)  is  interpreted  as  the  little  group  of  the  inhomogenous  Lorentz 
group  750(3, 1)  and  to  the  iV  =  1  shortest  massless  representation  in 
5  +  1  space-time  dimensions  when  one  of  the  Sp{2)  ~  SU{2)  algebras 
is  interpreted  as  a  chirality  group  in  50(4)  ~  SU{2)l  x  SU{2)r,  the 
light-cone  little  group  of  750(5, 1). 

•  SU{3)  D  SU{2)  X  U{1) 

5"*"   =  2o, 

5~    —    ll/2  ®  1-1/2- 

This  Euler  multiplet  corresponds  to  the  N  =  2  massless  representation  ^ 
in  3  -I-  1  dimensions  when  the  U{1)  ~  50(2)  algebra  is  interpreted  as 
the  httle  group  of  750(3, 1)  and  to  the  massless  representation  in  4-|-  1 
when  the  SU{2)  ~  50(3)  algebra  is  interpreted  as  the  little  group  of 
750(4,1). 

^The  N=2  supersymmetric  multiplet  with  the  highest  helicity  equal  to  1/2  is  sometimes  called 
hypermultiplet. 
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It  is  noticed  that  N  =  2  massless  representation  in  3+1  dimension  which 
is  the  lowest  Une  of  the  Euler  multiplets  of  SU{3)  D  SU{2)  x  U{1)  can  be 
assembled  into  =  1  massive  representation  in  3+1  dimensions  which  is 
the  lowest  hne  of  the  Euler  multiplets  of  Sp{4)  D  Sp{2)  x  5p(2).  On  the 
4-dimensional  coset  space,  the  A'^  =  2  massless  representation,  considered  as 
a  fundamental  state  of  one  theory  at  weak  (strong)  coupling  Umit,  possibly 
has  a  duality  with  N  =  1  massive  representation,  considered  as  a  solitonic 
state  of  the  other  theory  at  strong  (weak)  couphng  Umit. 

2.  50(8): 

5+  =  8,  and  S'  =  Sc- 

•  Sp{6)  D  Sp{A)  X  Sp{2)  and  G2  D  SU{2)  x  SU{2) 

5+   =  (5,1)0(1,3), 
S-   =  (4,2). 

This  Euler  multiplet  corresponds  to  the  N  =  2  smallest  massive  repre- 
sentation in  3  +  1  dimensions  and  the  N  =  2  shortest  massless  repre- 
sentation in  5  +  1  dimensions. 

•  SU{5)  D  SU{4)  X  U{1) 

5+   =   li©  60  01-1, 
S-   =   4i/2  0  4_i/2. 


This  Euler  multiplet  corresponds  to  the  A''  =  4  Yang-Mills  massless  rep- 
resentation in  3-1-1  dimensions  and,  since  SU{A)  ~  50(6),  a  massless 
representation  in  7  -I- 1  dimensions.  However,  there  are  two  more  possi- 
bihties  to  interpret  this  Euler  multiplet,  one  as  a  massless  representation 
on  the  anti-de  Sitter  space  when  the  SU{4)  x  C/(l)  ~  50(6)  x  50(2) 
algebra  is  interpreted  as  the  subgroup  of  50(6,2),  the  anti-de  Sitter 
group  in  6  -f-  1  dimensions,  and  the  other  as  a  massless  representation 
of  a  conformal  theory  when  interpreted  as  the  conformal  group  in  5  -f  1 
dimensions. 

•  50(6)  D  50(4)  X  50(2)  and  SU{A)  D  SU{2)  x  SU{2)  x  U{1) 

5+  =  (i,i)ie(3,i)oe(i,3)oe(i,i)-i, 

5-   =  (2,2)i/2e(2,2)_i/2. 

There  are  many  possibilities  to  view  this  Euler  multiplet.  It  corresponds 
to  the  iV  =  4  Yang-Mills  supermultiplet  in  3  -h  1  dimensions  and  to  a 
massless  multiplet  in  either  4  -h  1  or  5  +  1  dimensions. 

Note  that  N  —  4  massless  representation  in  3+1  dimensions  which  is  the 
lowest  line  of  the  Euler  multiplets  of  SU{5)  D  SU{4)  x  f/(l),  50(6)  D 
50(4)  X  50(2)  and  SU{4)  D  SU{2)  x  SU{2)  x  U{1)  can  also  be  assembled 
into  N  =  2  massive  representation  in  3+1  dimensions  which  is  the  lowest  line 
of  the  Euler  multiplets  of  5p(6)  D  Sp{4)  x  5p(2)  and  G2  D  SU{2)  x  SU{2). 
On  the  8-dimensional  coset  space,  the  N  =  2  massless  representations,  con- 
sidered as  the  fundamental  states  of  one  theory  at  weak  (strong)  coupling 
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limit,  possibly  have  a  duality  with  A''  =  1  massive  representations,  considered 
as  the  sohtonic  states  of  the  other  theory  at  strong  (weak)  coupling  hmit. 

3.  50(16): 

S+  =  128,  and  5"  =  128c. 

•  FiD  50(9) 

5+   =  44  0  84, 
S-   =  128. 

This  multiplet  can  be  viewed  as  the  =  1  massive  soliton  represen- 
tation in  9+1  dimensions  and  as  the  N  =  1  massless  representation  in 
10+1  dimensions.  In  the  later  case,  it  is  called  the  supergravity  triplet 
where  the  44 -dimensional  representation  is  the  degrees  of  freedom  of 
the  spin-2  graviton,  the  84 -dimensional  is  the  degrees  of  freedom  of 
the  third-rank  antisymmetric  tensor  field  and  the  128-dimensional  is 
the  degrees  of  freedom  of  the  Rarita-Schwinger  spinor-vector  called  the 
gravitino. 

•  5p(10)  D  Sp{8)  X  Sp{2) 


S+  =  (42,1)  ©(27, 3)  ©(1,5), 
S-   =   (48,  2)  ©(8, 4). 
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This  Euler  multiplet  corresponds  to  the  TV  =  4  smallest  massive  repre- 
sentation in  3  +  1  dimensions  and  the  =  4  short  massless  representa- 
tion in  5  -I- 1  dimensions. 

50(8)  D  50(4)  X  50(4)  ~  SU{2)  x  5[/(2)  x  SU{2)  x  SU{2) 

5+   =   (5,1, 1,1)©(1, 5,1, 1)®(1, 1,5,1)0(1, 1,1, 5) 

0(1, 3, 3, 3)  0  (3, 1, 3, 3)  0  (3, 3, 1, 3)  0  (3, 3, 3, 1), 
5-   -  (4,2,2,2)0(2,4,2,2)0(2,2,4,2)0(2,2,2,4). 

This  Euler  multiplet  corresponds  to  the  A''  =  4  smallest  massive  repre- 
sentation in  3  -h  1  dimensions  and  N  =  2  massless  representaton  in  5-1-1 
dimensions. 

SU{9)  D  SU{8)  X  U{1) 

5+   =   l2©28i0  7Oo0  28_i0l_2, 

5"     =    83/2e56i/2©56_i/2  0  8_3/2- 

Since  the  highest  value  of  50(2)  is  2,  the  heUcity  of  graviton  in  3+1 
dimensions,  this  Euler  multiplet  corresponds  to  the  N  =  8  supergravity 
representation. 

50(10)  D  50(8)  X  50(2) 

5+   =   I2  0  28i0(35,)o0(35c)o0  28_i0l_2, 
5"   =  83/2  0  (56,)i/2  0(56,)_i/2  0  8_3/2- 
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This  Euler  multiplet  corresponds  to  the  =  8  supergravity  representa- 
tion in  3+  1  dimensions.  After  using  50(8)  triahty,  it  also  corresponds 
to  the  chiral  A''  =  4  supermultiplet  of  type  IIB  string  theory  in  9  +  1 
dimensions. 

•  SU{6)  D  SU{i)  X  SU{2)  X  U{1)  ~  50(6)  x  50(3)  x  50(2) 

5+   =  (l,l)2e(10,l)ie(6,3)i©(20',l)oe(15,3)o 
9(1, 5)o  e  (To,  l)_i  0  (6, 3)_i  0  (1, 1)_2, 

5-   =   (4,2)3/2  0(2O,2)i/2  0(4,4)i/2  0(2O,2)-i/2 
©(4,4)_i/2©(4,2)_3/2. 

This  Euler  multiplet  also  corresponds  to  the  TV  =  8  supergravity  repre- 
sentation in  3  -h  1  dimensions  and  to  a  massless  representation  in  4  -H  1 
and  7-1-1  dimensions. 

Note  that  A'^  =  8  supergravity  multiplet  in  3-1-1  dimensions  which  is  the  low- 
est line  of  the  Euler  multiplets  of  SU{9)  D  SU{8)  x  U{1)  and  50(10)  D 
50(8)  X  50(2)  can  also  be  assembled  into  N  =  2  massive  representa- 
tion in  3-f-l  dimensions  which  is  the  lowest  line  of  the  Euler  multiplets  of 
5p(10)  D  Sp{8)  X  Sp{2).  On  the  16-dimensional  coset  space,  the  N  =  S 
massless  representations,  considered  as  the  fundamental  states  of  one  theory 
at  weak  (strong)  coupling  limit,  possibly  have  a  duality  with  N  =  4  mas- 
sive representations,  considered  as  the  solitonic  states  of  the  other  theory  at 
strong  (weak)  couphng  limit. 
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4.  50(32): 

•  EeD  50(10)  X  50(2) 

5+   =   I4  ©  I2O3  e  77O2  ©  10502  ©  3696i 

©4312i  ©  66O0  ©  4125o  ©  8085o  ©  4312_i 
©3696-1  ©  1050_2 ©  770_2 ©  120-3  ©  1-4, 

S-     =     (16,)7/2  ©  (560c)5/2  ©  (672e)3/2  ©  (3696e)3/2 

©(2640,)i/2©(8800c)i/2©(8800,)-i/2©(2640c)-i/2 
©(672,)-3/2  ©  (3696,)_3/2  ©  (560c)-5/2  ©  (16c)-7/2. 

This  Euler  multiplet  possibly  corresponds  to  a  massive  supermultiplet 
with  spin  >  2  in  10  +  1  dimensions. 

There  also  exist  the  lowest  hnes  of  the  Euler  multiplets  that  are  of  50(6), 
50(10),  50(12),  etc.  and  not  all  of  them  can  be  interpreted  as  the  degrees  of 
freedom  of  the  supersymmetric  gauge  field  theories  except  5p(8)  D  5p(6)  x  Sp{2) 
that  its  lowest  hne  emerges  as  iV  =  3  massive  (massless)  representation  in  3+1 
(5+1)  dimensions. 

In  conclusion,  from  the  facts  of  group  theory,  there  are  different  coset  spaces. 
For  the  4-,  8-,  and  16-dimensional  coset  spaces,  there  exist  the  lowest  lines  of  the 
Euler  multiplets  corresponding  to  the  massive  and  massless  supermultiplets. 

Before  closing  this  chapter,  we  would  like  to  mention  the  existence  of  50(16) 
triplets  [9]  that  cannot  be  explained  by  the  GKRS  construction. 
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2.5    The  50(16)  triplets 


50(16)  is  a  semisimple  Lie  algebra  of  rank  8.  The  equal  rank  embedding  of 
50(16)  into  £^8  by  the  GKRS  construction  generates  the  Euler  multiplets  that  have 
135  irreducible  representations  of  50(16).  Since  the  coset  space  of  £^8/50(16)  is 
128-dimensional,  the  dimension  of  the  lowest  line  of  the  Euler  multiplets  is  equal 
to  2^^,  the  dimension  of  the  sum  of  the  two  spinor  representations  of  50(128).  The 
lowest  line  of  the  J58/50(16)  emerges  when  the  quadratic  Casimir  value  of  50(16) 
irreps  is  equal  to 


However,  when  we  look  at  an  equahty  of  quadratic  Casimir  value  of  50(16), 
there  also  exists  an  abundance  of  50(16)  triplets  similar  to  the  50(9).  Since 
50(16)  has  two  spinors  of  the  same  dimension,  we  give  some  example  of  triplets 
associated  with  one  of  them  in  Table  2.4,  2.5  and  2.6.  An  irreducible  representation 
of  50(16)  in  the  triplets  is  given  in  the  cj-basis  and  is  characterized  by  generalized 
Dynkin  indices  [10] 


where  tf's  are  the  weights  in  the  irreducible  representation  of  50(16).  The  quadratic 
Casimir  value  of  the  50(16)  irrep  is  related  to  the  dimension  of  the  irrep  /q  and 
the  second  order  Dynkin  index  I2  by 


|p£;sl'-|pso(i6)P  =  480. 


(2.27) 


/p  =  X;<     p  =  0,2, 4, 6, 8, 10, 12, 14, 


(2.28) 


rep 


02  = 


120/2 


(2.29) 


8/0 
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Note  that  in  each  triplet  only  the  generalized  Dynkin  indices  Iq,  and  h  of 
the  first  irrep  is  equal  to  the  sum  of  those  of  the  second  and  third  irreps.  This 
property  of  a  50(16)  triplet  is  the  same  as  that  of  the  50(9)  triplet,  but  the 
dimension  of  the  lowest  hne  of  50(16)  triplet  is  not  equal  to  2",  the  dimension 
of  the  spinor  module  of  50(n).  Hence,  the  triplets  that  exist  in  50(16)  may  be 
an  exception  to  GKRS  construction.  Nevertheless,  a  pattern  of  50(16)  triplets 
possibly  has  some  connection  to  that  of  50(9)  triplets. 

•  The  first  triplet: 

Each  irrep  in  the  triplet  has  the  quadratic  Casimir  value  equal  to  60. 


Irrep 

(01000001) 

(02000000) 

(00000100) 

/o 

13312 

5304 

8008 

h 

53248 

21216 

32032 

h 

241664 

98752 

142912 

h 

1196032 

508800 

687232 

h 

6275072 

2821888 

3496192 

ho 

34275328 

16559616 

18575872 

h2 

192610304 

101727232 

102065152 

/l4 

1104412672 

649574400 

575260672 

Table  2.4.  The  first  50(16)  triplet  and  its  Dynkin  indices. 


•  The  second  triplet: 

Each  irrep  has  the  quadratic  Casimir  value  equal  to  64. 


Irrep 

(20000001) 

(00000002) 

(21000000) 

lo 

15360 

6435 

8925 

h 

65536 

27456 

38080 

-'4 

393^S4 

130944 

192640 

h 

1785856 

676608 

1109248 

h 

10731520 

3724800 

7135744 

ho 

68878336 

21605376 

50713600 

In 

465240064 

130996224 

393594880 

lu 

3268673536 

825274368 

3286355968 

Table  2.5.  The  second  50(16)  triplet  and  its  Dynkin  indices. 


The  third  triplet: 

Each  irrep  has  the  quadratic  Casimir  value  equal  to  72. 


Irrep 

(10001000) 

(40000000) 

(00100001) 

/o 

60060 

3740 

56320 

h 

288288 

17952 

270336 

h 

1591744 

104896 

1486848 

h 

9717120 

722304 

8994816 

h 

63847168 

5817088 

58245120 

ho 

442541568 

54584832 

396558336 

h2 

3187846144 

589597696 

2803826688 

/l4 

23608596480 

7166367744 

20402405376 

Table  2.6.  The  third  50(16)  triplet  and  its  Dynkin  indices. 


CHAPTER  3 

GKRS  CONSTRUCTION  OF  AN  EULER  MULTIPLET: 
BASIC  LIE  SUPERALGEBRAS 

In  this  chapter,  we  apply  the  GKRS  construction  to  basic  Lie  super  algebras. 
The  Kac  character  formulas  are  derived  in  terms  of  equal  rank  subalgebras  in 
section  3.1.  We  give  a  simple  and  exphcit  formulation  for  a  typical  representation 
of  type  I  Lie  superalgebras  in  section  3.2  and  build  an  Euler  multiplet  of  type  I  Lie 
superalgebras  from  that  of  reductive  Lie  algebras  in  section  3.3.  Kostant's  cubic 
Dirac  operator  is  constructed  for  full  Lie  superalgebras  and  then  for  equal  rank 
embeddings  in  section  3.4. 

3.1    Kac  character  formulas  of  basic  Lie  superalgebras 

Now,  we  extend  the  results  of  semisimple  complex  Lie  algebras  to  basic  Lie 
superalgebras  g  with  a  non-degenerate  KiUing  form  IC  :  g  x  g  ^  (T.  According 
to  Kac's  classification  [11],  there  are  two  types  of  basic  Lie  superalgebras,  type  I 
which  is  su{m\n)  and  osp{2\2n)  and  type  II  which  is  osp{2m  +  l|2n),  osp{l\2n), 
osp{2m\2n),  osp{i\2-a),  F(4),  and  ^(3). 

Let  g  =  geven  ®  godd  be  the  Lie  superalgebras  with  the  root  system  $  =  ^even  U 
^odd-  For  type  I,  geven  is  simple,  i.e.  geven  =  go,  and,  for  type  II,  geven  can  be  graded 
into  P2  ®  5o  ®  g-2-  While,  for  the  odd  part  of  both  type  I  and  II,  odd  generators 
can  be  graded  into  fermionic  creation  and  annihilation  ones,  i.e.  godd  —  gi  ®  g-i- 
The  Poincare-Birkhoff-Witt  theorem  for  Lie  algebras  can  be  applied  to  the  case 
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of  Lie  superalgebras  with  some  extension  [12].  This  grading  gives  us  a  universal 
enveloping  algebra,  U{g),  e.g.,  for  type  I, 


Define  root  subsystems,  ^even  and  ^odd,  such  that  ^even  =  {en  \  ct/2  ^  ^odd}  and 
^odd  =  {P\2p^  ^even}-  ^even,  ^odd,  '^even  and  '^odd  are  invariant  under  the  action 
of  the  Weyl  group  of  Qeven-  Hence,  the  Weyl  group  of  g  is  equal  to  that  of  Qeven,  i-e. 
W{g)  =  W{geven)-  Define  the  Weyl  vector  of  g  to  be  one-half  the  sum  of  positive 
even  roots  minus  one-half  the  sum  of  positive  odd  roots,  i.e.  p  =  Peven  —  Podd- 
Let  V{h.)  be  an  irreducible  representation  of  g  with  A  as  a  highest  weight  in  the 
dual  Cartan  subalgebra.  The  highest  weight  representations  of  g  are  classified  into 
typical  and  atypical.  The  representation  is  typical  if,  for  V/3  G  ^^dd^  {A  +  p,P)  7^  0; 
otherwise,  it  is  atypical.  The  typical  Kac  character  and  supercharacter  of  V{A) 
are  defined,  respectively,  as 


U{g)^U{gx)®U{go)®U{g^i). 


chy(A) 


iVo 


weW{g) 


sgn(u;)e'"(^+'') 


(3.1) 


sch\/(A) 


No 


J2  sgn(tU)e'^(^+^\ 


(3.2) 


where 


n    (e2  +e  t)  , 
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and 

N[=  n  (---^)- 

The  sgn(it;)  and  sgn(W)  are  sign  change  due  to  number  of  reflections  with  respect 
to  ^tven  and  $ 

even' 

In  general,  in  an  equal  rank  embedding  of  Lie  superalgebras  r  in  p  with  $"^(r)  C 
$+(^)  and  C  as  the  index  of  the  Weyl  group  of  r  in  the  Weyl  group  of  ^,  a  C- 
multiplet  of  r  is  obtained  by 


c»  A  :=  c(A  +  p)g  -  Pt, 

where  c  G  C.  Under  the  condition  that  ^tven,oddi''^)  is  invariant  under  the  action  of 
c,  i.e.  c  ■  «>+en,odd(^)  =  ^tven,odd{'')^  t^e  typical  Kac  character  formula  of  ^-module 
y(A)  can  be  written  in  terms  of  r-module  C/(c  •  A)  as  follows: 


chy(A)  = 


( 


n 


r)(e2  +e  2)  \ 


e*^„e„(s/r) 


(e  2  —  e  2 ) 


^sgn(c)ch[/(c.  A).  (3.3) 

cec 


Similarly  done,  the  typical  Kac  superchaxacter  becomes 


sch7(A) 


^n/3e*+,(,/r)(e^-e-^) 


n 


(el 


,  ,  Vsgn(c)scht/(c.A).  (3.4) 


For  type  I  Lie  superalgebras,  there  are  both  typical  and  atypical  representa- 
tions. For  the  typical  representation,  superdimension,  sdim  V(A)  =  dim  Kuen(A)— 
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dim  VoddW,  is  equal  to  zero.  Whereas,  sdim  V{A)  of  the  atypical  representation  is 
not.  Every  type  I  odd  root  is  zero-length  and  =  ^tven-  Since  Podd  is  invariant 
under  the  action  of  the  Weyl  group,  i.e.  wpodd  =  Podd-  The  type  I  typical  Kac 
character  formula  (3.1)  can  be  written  as 


chV(A)   =     n  (l  +  e-''+)chVo(A) 

=     n  (l  +  e^-)chK)(A).  (3.5) 

Multiplying  out  the  product  factor  on  the  rhs  of  (3.5),  we  obtain  a  Chern  character 
of  an  exterior  algebra  over  ^-.i, 

n=ciim(4>~j) 

n      +  E      ch(AVi)  =  ch(A5-i). 

So,  (3.5)  simply  becomes 

chV(A)  =  ch(A^_i)chK,(A).  (3.6) 
Similarly,  the  type  I  typical  Kac  supercharacter  can  be  shown  to  be 


schy(A)   =     n  (1 -e^-)chVb(A) 
=  sch(Ai?_i)chVo(A). 


(3.7) 


30 

On  the  other  hand,  since  {g_i,g_i}  =  0,  the  universal  enveloping  algebra  over  g-i, 
U{g-i),  is  isomorphic  to  the  exterior  algebra  over  g^i,  A{g-i).  The  p-module  ^(A) 
can  be  induced  by  applying  the  antisymmetric  combinations  of  the  g^i  generators 
on  Vo(A),  i.e. 

V'(A)  =  A(5_i)  0  Vo{A)  ^  U{g-i)  ®  K)(A).  (3.8) 

The  character  and  supercharacter  of  (3.8)  are  exactly  (3.6)  and  (3.7). 

In  an  equal  rank  embedding,  g  D  r,of  type  I  which  has  C  as  the  index  of  W{r) 
in  W{g)  and  is  restricted  to  the  condition  that  $+(5)  D  *'^(r),  (3.5)  becomes 

1  (  ^ 

chV{A)  =  ^      n     (l  +  e^-)Esgn(c)       U    (1  +  e^-)chf/o(c  •  A) 

/9_e*-(9/r)  y/3_e*7{r) 


I.e. 


chV^(A)  (ch  5+  -  ch  S-)  =  ch  (A(5_i/r_i))      sgn(c)chC/(c  •  A).  (3.9) 

Similarly  done  for  the  supercharacter,  we  obtain 

schy(A)  (ch  S+  -  ch  S-)  =  sch  (A(^_i/r_i))      sgn(c)sch[/(c  •  A).  (3.10) 

cec 

(3.9)  and  (3.10)  correspond  to 

V{A)  O  5+  -  V{A)  ®  5-  =  A(5_i/r_i)  O  ^  sgn{c)U{c  •  A).  (3.11) 

cec 

Now,  (3.11)  can  also  be  derived  explicitly  from  (3.8).  By  decomposing  the  p_i 
basis  such  that  g_i  =  (5_i/r_i)  ®  r_i,  there  exists  a  map  (^_i/r_i)  ©  r_i  — >• 
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(5-i/r_i)  0  1  +  1  (g)  r_i  from  (5_i/r_i)  ©  r_i  to  (^_i/r_i)  ®  r_i  which  extends 
uniquely  to  an  isomorphism  of  exterior  algebra, 

A  (y-i/r_i  ®  r_i)  ~  A(p_i/r_i)  (g)  A(r_i). 

By  substituting  the  above  equation  into  (3.8)  and  tensoring  on  both  side  by  {S'^  — 
S~),  we  obtain 

V{A)  ®  5+  -  V{A)  (8)  5-   =   A(5_i/r_i)  ®  ^  sgn(c)  (A(r_i)  ®  [7o(c  •  A)) 

=   A(5_i/r_i)  (g)  5]sgn(c)f/(c«  A), 

cec 

which  is  exactly  (3.11). 

For  osp{l\2n)  of  type  II  Lie  superalgebras,  every  osp{l\2n)  odd  root  has  length 
equal  to  one-half  of  the  short  positive  one  and 


_         1        3  1 

Posp{l\2n)  —  Peven  —  Podd  —  l^~"2''^~2'  '"'2 


Furthermore,  every  osp{l\2n)  representation  is  typical,  but  dim  Kt)en(A)  7^  dim  Vodd{A). 
Nevertheless,  the  Kac  character  and  supercharacter  formulas  of  a  osp{l\2n)  repre- 
sentation can  be  shown  to  be  similar  to  that  of  Lie  algebra,  i.e. 
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The  equal  rank  embedding  of  osp{l\2m)  x  osp{l\2n  -  2m)  in  osp{l\2n)  is  the  only 
possible  type  with  the  full  subsuperalgebra.  In  this  case,  all  odd  generators  of  g 
are  completely  eaten  by  the  r.  Whereas,  the  even  generators  of  g  which  are  left 
form  the  orthogonal  complement  basis  to  the  even  basis  of  r  under  the  killing  form 
of  g.  Under  the  restriction  to  r-module,  (3.12)  and  (3.13)  simply  become 

chV^(A)  =  ^T.  sgn(c)cht/(c  •  A),  (3.14) 
^  cec 

and 

schV(A)  =  X  5^  sgn(c)schf/(c  •  A) .  (3.15) 
^  cec 

Both  (3.14)  and  (3.15)  correspond  to 

V^(A)  ®  5+  -  V{A)  0S-  =      sgn(c)t/(c  •  A).  (3.16) 

cec 

For  the  rest  of  type  II,  we  use  Kac  character  and  supercharacter  formulas  of 
equal  rank  embedding,  (3.3)  and  (3.4).  Let  gi  and  y_i  be  A'"-dimensional  vector 
spaces  of  generators.  There  is  a  canonical  Unear  map  from  A"5'i(S>a''^_i  to  A""^''(5i® 
5_i),  which  takes  ((pi)i  A- •  •  A(i?i)a)®((^-i)i  A- ■  •  A(c/_i)fc)  to  ((^i)i  A •  •  •  A (^Oa  A 
{g-i)i  A  •  ■  •  A  {g-i)b).  This  determines  a  linear  isomorphism 


A(^ie^_i)  ^  0  (a^-"9i  ®  AVi) 

a=0 

~    Ac/i  (g)  Ac/_i. 
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The  prefactor  Ni  of  Kac  character  formula  is  the  character  of  the  exterior  algebra 
over  the  direct  sum  of  gi  and  g-i  vector  spaces 

=  chA(pie^-i). 

Finally,  the  type  II  typical  Kac  character  and  supercharacter  can  be  written  as 
ch.V{A)  (ch  5+  -  ch  S-)  =  ch  A  (gi/n  0  y-i/r_i)  ^  sgn(c)ch[/(c  •  A),  (3.17) 


cec 


and 


cec 


schF(A)  (ch  5+  -  ch  5-)  =  sch  A  [g^/n  ©  H  sgn(c)sch[/(c  •  A),  (3.18) 

which  correspond  to 


V{A)  ViA)  ®S-  =  Aigi/ri  0  ^_i/r_i)  ®  J]  sgn(c)t/(c  •  A).  (3.19) 

cec 


3.2    Representations  of  A^_i  of  type  I  Lie  superalgebras 

For  type  I  Lie  superalgebras  with  non-degenerate  Killing  form,  the  typical 
representation  is  induced  by  applying  generators  on  ^o-module.  Therefore,  we 
need  to  know  an  explicit  representation  of  A^-i  in  terms  of  ^o-module.  Let  N  be 


dimension  of  $i .  The  exterior  algebra  over  g^i  is 


N 


fc=0 


with  dimension, 


AT  N 

dim(A5_i)  =  0dim(A'=g_i)  = 

k=0  k=Q 


V  ^ ; 


=  2^ 


and  superdimension, 


N 
A:=0 


N 


sdim(Ap_i)  -  0sdim(AVi)  =  E(-l) 


fc=0 


\  ^  / 


=  0. 
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Recall  that  {g^ug^x}  =  0.  Let  QLi,2,...,/v  be  completely  antisymmetric  fermionic 
generators  of  g-i  which  transform  in  the  fundamental  representation  of  go.  The 
fermionic  generators  generate  even  and  odd  modules  which  are  isomorphic  to  a 
direct  sum  of  two  spinor  representations  of  so{2N).  One  of  the  spinor  representa- 
tions of  so{2N)  is  the  even  module  of  Ag_i,  called  bosonic  module,  and  the  other 
is  the  odd  module  of  Ag-i,  called  fermionic  module.  Let  T"*"  be  the  bosonic  module 
and  T~  be  the  fermionic  module  of  so{2N)  such  that 


r+  =  aVi  ®  aVi  ®  aVi  ®  ••• 

=  {{QD' ®  {Qlf  ®  (QlY  ®...)|i>o 

=   bosonic  module, 
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and 

=  {{Q\)' ®  {Qlf  ®  (Qlf  ©.•.)|i>o 

=  fermionic  module. 

With  restriction  to  go-module,  the  type  I  typical  representation  is 

V'(A)  =  Ap_i®]/o(A) 

=  (r+©T-)  ®  Vo(A). 

For  su{m\n),  Ag^i  representation  is  isomorphic  to  a  direct  sum  of  two  spinor 
representations  of  so{2mn).  With  restriction  to  su{m)  x  su{n)  x  w(l),  Q\  trans- 
forms as  (m,  n)_i,  where  -1  is  a  charge. 

Ex.1  su{2\\) 

dim(5_i)  =  2^  =  1  +  2  +  1 

Q\  ~  2_i 

T+    =  lo©l-2 

T-   =  2_i 


Ku(2|i)(A)  =  (r+  e  T")  ®  K«(2)x„(i)(A) 
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Ex.2  sw(3|l) 

dim(^_i)  =  2^  =  1  +  3  +  3  +  1 

Q\  ~  3_i 

r+  =  io®3_2 
T-  =  3_iei_3 

V^..(3|i)(A)  =       0  T-)  ®  K„(3)x„(i)(A) 

Ex.3  sm(3|2) 

dim(5_i)  =  2^  =  1  +  6  +  15  +  20  +  15  +  6  +  1 

~(3,2)_i 

T+  =  (i,i)oe(3,3)_2®(6,i)_2e(6,i)_4e(3,3)_4e(i,i)_6 

T'   =  (3,2)_ie(8,2)_3©(4,l)_3®(3,2)_5 

K«(3|2)(A)  =  ©  T-)  ®  K„(3)xs«(2)xu(l)(A) 

Ex.4  su(4|2) 
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dim(5_i)  =  2^  =  1  +  8  +  28  +  56  +  70  +  56  +  28  +  8  +  1 

Ql'-(4,2)_i 

T+  =  (i,i)oe(io,i)_2e(6,3)_2e(20',i)_4e(i5,3)_4 
e(i,  5)_4  e  (To,  i)_6  ©  (6, 3)_6  ©  (1,  i)-8 

T-   =  (4,2)_i©(20,2)_3ffi(4,4)_3©(20,2)_5©(4,4)_5ffi(4,2)_7 

Kii(4|2)(A)  =  (T^  ©  T~)  (g)  Ku(4)xs«(2)xu(l)(A) 

For  osp{2\2n),  Ap_i  representation  is  a  direct  sum  of  two  spinor  representations 
of  so{An).  With  restriction  to  sp{2n)  x  u{l),  Q]  transforms  as  (2n)_i  with  -1  as  a 
u{l)  charge. 
Ex.5  osp(2|4) 


dim(^_i)  =  2^  =  1+  4  +  6  +  4  +  1 


Ql  ~  4_i 


r+     =     lo  ©  5_2  ©  1-2  ©  1-4 

T-   =  4_i©4_3 

VospmM)  =  (r+  ©  r-)  ®  Kp(4)x«{i)(a) 


Ex.6  osp(2|6) 
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dim(i/_i)  =  2^  =  1  +  6  +  15  +  20  +  15  +  6  +  1 


Q\  ~  6_i 


r+     =     lo©14_2©  1-2  014-4  0  1-4®  1-6 

T-   =   6_i  ©  14'_3  ©  6_3  ©  6-5 

Ksp{2|6)(A)  =  (T+  0  T-)  0  Kp(6)x«(l)(A) 

3.3    Building  type  I  Euler  multiplets 

For  type  I  Lie  superalgebras,  there  is  a  remarkable  point  we  would  like  to 
mention.  From  the  multiplet  spectrum  of  equal  rank  embedding  of  reductive  Lie 
algebras,  ro  C  ^o,  we  can  build  the  spectrum  of  the  type  I  Lie  superalgebras  on 
top  of  them  by  simply  tensoring  them  with  a  module  generated  by  r_i  generators. 
The  r-i  generators  transform  in  the  fundamental  representation  of  tq. 

Define  A(r-i)  =  i?+  ©  i?"  such  that 

U[K)  -  A(r-i)  ®  UoiA)  =  {R+  ©  R-)  (g)  ;7o(A). 
Tensoring  on  both  side  of  (2.2)  with  A(r_i),  we  obtain 


A(r_i)®  (K)(A)(8)5'+-K,(A)®5-)    =  X^sgn(c)(A(r_i)(8)f/o(c.A)) 

cec 

=   ^sgn(c)t/(c.A).  (3.20) 
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Under  restriction  to  ro-module,  whenever  Vo(A)  on  the  Ihs  of  (3.20)  is  su{n)  xu{l), 
or  sp{2n)  x  w(l),  there  is  an  emergence  of  type  I  typical  C-multiplet  on  the  rhs. 
Notice  in  the  case  that  U{c»  A)  is  su{m\n),  the  representations  of  are  similar 
to  those  of  S"^  except  u{l)  values. 

Let  g  =  r  ®  p  he  Lie  superalgebras  where  p  is  the  orthogonal  complement  to 
r  with  respect  to  the  Killing  form  of  g.  Let  p  —  Peven  ©  Podd  =  Po  ®  Pi  ®  P-i- 
Tensoring  on  both  sides  of  (3.20)  by  Ap_i,  we  get 

y (A)  (g)  5+  -  V{A)  (8)  5-  =  Ap_i  0      sgn(c)t/(c  •  A),  (3.21) 

cec 

which  is  exactly  (3.11).  Now,  we  need  to  get  rid  of  Ap-i  on  the  rhs  of  (3.21)  by 
mapping  it  into  identity.  To  do  so,  we  do  a  tensor  product  on  both  sides  of  (3.21) 
by  the  following  contraction,  sometimes  called  an  internal  product,  on  exterior 
powers  between  vector  space  and  its  dual: 

A^(Poc/c^)  =  aV®aVi  =  1. 

(3.21)  becomes 

(A^Podd)  O  V{A)  0  (5+  -  5")  =  1  (8)  ^  sgn(c)f/(c  •  A).  (3.22) 

cec 

As  already  known,  the  character  of  a  Dirac  operator,  j9  e  C{p),  with  a  map 
^  :  5±  ->  5^  is 

ch(^)  =ch(5+)  -ch(5-). 
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The  character  of  (2.1)  impHes  that  there  exists  a  Kostant's  Dirac  operator,  }C  G 

K{9even)  ®  C{peven),  with  a  map 

jCx:Vx®S^^Vx®  5^.  (3.23) 

Similarly,  the  character  of  (3.22)  suggests  that  there  exists  the  operator  for  Lie 
superalgebras,  jC^  e  U{podd)  ®U{geven  ©  Qodd)  ®  C{peven),  with  a  map 

JCa  :  V{A)  0  5*^  V{A)  ®  S^.  (3.24) 

3.4    Kostant's  cubic  Dirac  operator  of  Lie  superalgebras 

Let  Li  and  Fa  be  even  and  odd  generators  of  Lie  superalgebras  such  that 


[Li,  Lj]  —  /[jjfc]Lfc, 

{Fa,  Fb}  =  fi{ab)Li, 

and 

[Li,  Fa]  =  f[ia]bFh, 

where  i,j,  k  =  1,  2,  dim(go)  and  a,  b  =  1,  2,  dim(pi).  The  Kostant's 
cubic  Dirac  operator  of  Lie  superalgebras  is  extended  from  that  of  Lie  algebras  by 
adding  just  two  terms,  a  linear  term  in  odd  operators  and  a  structure  constant 
term,  i.e. 

Kk  =  K\+  Ka,  (3.25) 
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where 


=  liLi-  -zl[ijk]f[ijk] 


(3.26) 


and 


K-\  —  OiaFa  —  -liOi{ab)fi{ab) 


(3.27) 


The  sum  over  all  indices  is  assumed  in  the  above  equations,  where  [. . .  ]  in  the 
subscript  is  for  antisymmetric  sum  and  (...)  for  symmetric  sum.  (3.26)  is  the 
Kostant's  cubic  Dirac  operator  for  reductive  Lie  algebras.  The  7-matrices  associ- 
ated to  even  generators  are  normalized  so  that 


The  a-matrices  associated  to  odd  generators  are  subjected  to  the  following  condi- 
tions. 

(I)  {7j,Q;a}  =  0.  This  relation  is  consistent  with  the  antisymmetric  property  of 
product  of  even  and  odd  generators. 

(II)  {oia,  [afc,  ac]}-l-{[Q;a,  "c],  cib}  =  [Q!(a6),  etc]  =  0.  This  property  is  due  to  invariance 
of  odd  gennerators  under  Killing  form. 

Squaring  (3.26),  we  get 


ij  1 


which  gives 


{7i',7[ufcl}  =  Si'kl[ij]- 
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1  /I  \^ 

=  2^(ij){Li^^j}  +  y2'^mfmj  (3.28) 

Notice  that  the  hnear  terms  in  even  generators  cancel  each  other.  Thus,  (3.28)  is 
exphcity  invaraint  under  the  action  of  even  and  odd  generators.  The  first  term  of 
(3.28)  is  the  quadratic  Casimir  operator  of  reductive  Lie  algebras, 


C'2{^)  =  \li^,){L^,L,}.  (3.29) 


Since  po,  one-half  the  sum  of  positive  even  roots,  can  be  identified  as 


Po  =  2'^[ijk]f[ijk]-  (3.30) 


The  second  term  of  (3.28)  is  the  Preudenthal-de  Vries'  strange  formula  [7,  8], 

/I  \^  1 

(P>P)o   =    i^2llijk]f[ijk]j  = —dim{go)go{e,e)o 

=    ^dim{go)C2''"^ .  (3.31) 


Where,  in  the  above  equation,      is  dual  Coxeter  number  of  ^o,  ^  is  the  highest 
root,  and  02*^  is  the  quadratic  Casimir  value  in  the  adjoint  representation. 
Squaring  (3.27),  we  get 


=     \c,lab][Fa,Fb]  +  ^a^ab){Fa,Fh} 

-2^i[0i(ab),0la']fi[ab]Fa'  +  ^-7iQi(a6)/i(a6) 

1  1  /I  \2 

=     2(^[ab][Fa,Fb]  +  -at^ab)fi{ab)L^+i-'yia(^ab)f^{ab)]    ■  (3.32) 


43 

In  contrary  to  the  even  part,  (3.32)  by  itself  is  not  invariant  due  to  the  presence 
of  a  hnear  term  in  even  generators.  The  hnear  term  in  Lj  will  be  cancelled  out  by 
one  of  the  the  cross  terms  of  the  square  of  the  combined  even  and  odd  Kostant's 
cubic  Dirac  operator, 

{Uf   =   (/C°)2  +  (/Ci)2  +  {7„ajLiF„-i{7[i,fc],aJ/[i,fc]F„ 

+  2^'y[ijk] )  li'}(^{ab)  f[ijk]  fi'{ab) 

=  ■y(^ij)L(iLj)  +  a[ab]F[aFb]  +  (^2')'[ijt]/[ijfc]) 

/I  \2  1 

+  (  27iQ!(a6)/i(a6)  1    +  27[u]<^(a6)/[ijfc]/ik(a6)  (3.33) 


Since  pi,  one-half  the  sum  of  positive  odd  roots,  can  be  identified  as 


1  r  /  N 

Pi  =  -2^iO!(ab)fi{ab)-  (3.34) 


Recall  that,  for  Lie  superalgebras,  p  =  po  -  Pi-  (3.33)  can  be  simply  written  as 

(/Ca)'  =  C2(A)  +  (p,p),  (3.35) 

where 

C2(A)  =  7(ij)L(iLj)  +  a[ab]F[aFb]. 

The  Laplacian  operator  turns  out  to  be  invariant  under  the  action  of  even  and  odd 
generators  of  g  again.  For  Lie  superalgebras,  the  generaUzation  of  the  Preudenthal- 
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de  Vries  strange  formula  still  holds  [13] 

(P^  P)  =  TT7(dim  go  -  dim  gi),  (3.36) 


where  p^'s,  the  dual  Coxeter  numbers,  of  g  are  given  in  Table  3.1. 


su{m\n)  \m  —  n\ 

osp{2\2n)  n 

osp{2m  +  l\n)  2{m  —  n)  —  1  if  m  >  n,  n  —  m  +  ^     m  <  n 

osp{2m\n)  2{m  —  n  —  l)iim>n,  n  —  m  +  lifm<n  +  l 

ospi4\2;a)  0 

F(4)  3 

G(3)  2 


Table  3.1.  Dual  Coxeter  numbers  of  basic  Lie  superalgebras. 
In  an  equal  rank  embedding  of  Lie  superalgebras,  g  D  r,  with  $g  D  let 
the  even  and  odd  generators,  Li  and  Fa,  span  the  basis  of  g.  In  according  to 
the  g  =  r  ®p  decomposition,  L-  and  Fa  span  the  basis  of  r  and  L/  and  Fa  span 
the  basis  of  p,  the  orthogonal  complement  of  r  under  the  Kilhng  form  of  g.  The 
Kostant's  cubic  Dirac  operator  on  p  =  g/r  is 

=    -fiLj  +  OaFa  -  ^l[IJK]f[IJK]  -  \7lOC(AB)fl(AB),  (3.37) 
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where  f[ijK]  and  fi{AB)  are  the  structure  constants  of  g  that  are  not  in  r.  Since, 
under  the  KiUing  form  oi  g,  r  and  p  basis  are  orthogonal  to  each  other, 

{Ti,  7/}  =  bh  "a}  =  {aa,  7/}  =  {aa,  "a}  =  0. 
As  a  result,  we  have 

{jCr,  /Cp}  =  0. 

The  square  of  Kostant's  coset  cubic  Dirac  operator  simply  is 

=   (C2  +  (p,p))^-(C2  +  (p,p)),.  (3.38) 

Notice  that  both  [KgY  a^id  {KrY  commute  with  the  generators  of  r.  Hence,  {KpY 
is  also  invariant  under  the  action  of  r. 

In  conclusion,  we  have  derived  the  Kac  character  formulas  and  have  constructed 
Kostant's  cubic  Dirac  operator  for  equal  rank  embeddings  of  Lie  superalgebras.  In 
case  of  reductive  Lie  algebras,  the  coset  space  method  of  equal  rank  embeddings 
led  to  a  Kazama-Suzuki  model  construction  of  a  new  class  of  unitary  N  =  2 
superconformal  theories  [5]  and  a  subclass  of  the  construction  could  be  represented 
by  Landau-Ginzburg  models  [14].  In  case  of  Lie  superalgebras,  it  deserves  to  be 
pursued  whether  there  will  be  any  relevance  of  the  coset  superspace  method  to  a 
construction  of  any  physical  model. 


CHAPTER  4 

KAZAMA-SUZUKI  CONSTRUCTION  OF  SUPERCONFORMAL 

FIELD  THEORIES 


Although  a  Dirac  operator  with  a  cubic  term  appeared  as  the  supercurrent 
in  the  studies  of  the  superconformal  field  theories  and  the  supersymmetric  Wess- 
Zumino-Witten  action  many  years  ago  [5,  14,  15].  The  recent  study  of  equal  rank 
embedding  of  semisimple  complex  Lie  algebras  [1,  2]  led  Kostant  to  determine 
an  Euler  multiplet  as  the  kernel  of  the  cubic  Dirac  operator  and  its  square  in 
general  [3] .  It  was  observed  that  the  energy-momentum  tensor  appeared  to  be  the 
Kac-Moody  version  of  the  square  of  the  Kostant  operator  and  the  Euler  multiplets 
turned  to  be  the  intrinsic  ground  states  in  the  superconformal  field  theories  [6]. 

In  this  chapter,  we  observe  those  facts  from  the  view  point  of  representation 
theory  of  Lie  algebras  and  Kac-Moody  algebras.  The  Kazama-Suzuki  construction 
of  the  superconformal  generators,  supercurrent  and  energy-momentum  tensor,  is 
explained  in  section  4.1  and  4.2.  The  N  =  2  superconformal  field  theories  according 
to  Kazama-Suzuki  construction  are  classified  by  the  equal  rank  embeddings  in 
section  4.3.  The  Euler  multiplet  as  the  intrinsic  ground  state  of  superconformal 
field  theories  is  shown  in  section  4.4. 

4.1    Super-Kac-Moody  algebras 

By  definition,  Kac-Moody  algebra  is  a  class  of  infinite-dimensional  Lie  alge- 
bra with  a  circle  as  a  central  extension  smoothly  mapped  to  a  finite-dimensional 
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Lie  algebra.  A  super-Kac-Moody  algebra  g  associated  to  the  Lie  algebra  g  and 
Lie  group  G  is  a  Kac-Moody  algebra  over  superspace  {z,9).  With  the  supersym- 
metrized  current  decomposition  over  ordinary  space  z 

JA{z,e)=jA{z)  +  ejA{z),  (4.1) 

the  fermions  jA{z)  in  the  adjoint  representation  of  g  and  Ja{z)  are  not  independent 
and  satisfy  the  OPE's 

jA{z)jB{0)   ~   ^,  (4.2) 

z 

JMhBiO)   ~  M{^)JB(0)~'-fi^S3m^  (4.3) 

z 

J,(,)J,(0)   ^   !WW2)+Md«.  (4.4) 

Z  Z^ 

The  level  k  in  (4.2)  is  absorbed  into  the  fermion  biUnear.  To  make  the  fermion 
and  boson  current  generators  be  independent,  Kazama  and  Suzuki  [5]  introduced 
the  level  k  =  k  +  g^  current  decomposition 

Aiz)  =  Ja{z)  +  Sa  =  J\{z)  -  '-f^ABC]J[Bjc]{z)  (4.5) 

so  that  J'Xiz)  and  jA{z)  are  mutually  independent  and,  respectively,  generate  the 
level  k  and  g"^  ordinary  Kac-Moody  algebras  g.  The  level  g-^  Kac-Moody  algebra 
g  that  is  constructed  by  a  bihnear  form  of  the  fermions  in  the  adjoint  representa- 
tion of  g  turns  out  to  be  isomorphic  to  the  level  1  ordinary  Kac-Moody  algebra 
lo(dim  g).  Therefore,  the  level  k  super-Kac-Moody  algebra  can  be  regarded  as  a 
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direct  sum  of  two  mutually  independent  ordinary  Kac-Moody  algebras 


gk  =  9k®so{dim  g)i.  (4.6) 

In  terms  of  oscillators,  (4.5)  is 

J2{Jn)AZ—'  =  Y.WaZ"'-'  -  '-flABC]  Eib-n)B{bn)cZ-'.  (4.7) 
n  n  n 

In  the  representation  theory  of  the  ordinary  Kac-Moody  algebra,  (4.7)  corresponds 
to  an  aifine  weight  decomposition 

(A  +  pg;k  +      -n)  -  (A;  k;  -n)  +  (p^;      0),  (4.8) 

where  n  is  called  a  grade.  When  n  =  0,  the  affine  weight  (A;  k;  0)  is  called  the  high- 
est weight.  Prom  the  decomposition  (4.6)  of  super-Kac-Moody  algebra,  there  exists 
the  associated  N  =  1  superconformal  model  with  the  superconformal  generators 

G{Z)  =  {2/ky/'  (jA{z)JA{z)  -  yiABC]jlAjBjc]{z))  ,  (4.9) 

and 

T{z)  =  i  {Ja{z)Ja{z)  -  jA{z)djA{z))  .  (4.10) 

On  the  rhs  of  the  holomorphic  energy-momentum  tensor  T{z),  the  first  term  com- 
mutes with  the  second  term.  Thus,  the  central  charge  of  this  superconformal  model 
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is  the  sum  of  the  central  charges  of  Qj.  and  so(dim  ^)i 


/cdim  G 


+  -dim  G. 


(4.11) 


c  = 


k  +  g 


The  superconformal  generators  T{z)  and  G{z)  satisfy  the  OPE's 


T{z)T{0) 


c      2T(0)  d,T{0) 


(4.12) 


T{z)G{0) 


(4.13) 


G{z)G{0) 


(4.14) 


The  underlying  supersymmetric  Wess-Zumino-W'tten  Lagrangian  in  two  di- 
mensions that  posseses  the  super- Kac-Moody  algebra  gk  and  the  N  —  I  super- 
conformal symmetry  was  constructed  in  Ref.  [15].  The  supersymmetric  WZW 
Lagrangian  was  shown  to  be  equal  to  the  original  WZW  Lagrangian  of  gj^  plus  the 
Lagrangian  of  free  fermions  in  the  adjoint  representation  of  gk-  By  applying  Wit- 
ten's  non-Abelian  bosonization  rules  to  the  WZW  Lagrangian,  the  supersymmetric 
WZW  theory  is  equivalent  to  two  free  fermion  theories. 

4.2    Kazama-Suzuki  construction  of  A'^  =  1  superconformal  models 

Instead  of  using  Wick's  theorem  to  calculate  the  OPE's  to  get  the  supercon- 
formal generators  on  the  coset  space,  one  can  simply  follow  Brink  and  Ramond's 
canonical  method  [6].  The  construction  of  superconformal  generators  from  the 
coset  of  a  super-Kac-Moody  algebra  can  be  done  in  analogy  to  section  IL 
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On  the  world-sheet,  there  exists  a  natural  generahzation  of  7-matrices  and 
generators  of  a  Lie  algebra 

lA  ->  Ja{z),  (4.15) 
Ja  ^   M^)-  (4-16) 

The  fermions  jA{z)  satisfy  the  anticommutator 

Oa(^),Jb(0)}  =  25^b,  (4.17) 

and  the  bosonic  current  generators  Ja{z)  satisfy  the  level  k  Kac-Moody  commu- 
tator 

[Ji{z),  Jj{0)]  =  ^fl^,k]Jk{0)  +  kSijdJiz),  (4.18) 

[Ji{z)JM]  =  ^f[^ab]Jb{0),  (4.19) 

[liz),  Jfc(O)]  =  ifiabc]Jc{0)  +  if[abj]Jj{^)  +  k6^d,5{z).  (4.20) 

All  indices  are  the  same  as  in  section  2.2. 
The  supercurrent  of  h  that  lies  in  g  is 

G'hiz)  ^  [j^J     (jiiJi  -  ^fliab]j[ajb])  -  ^flijk]j[djjk]j  {z),  (4.21) 
and  that  of  g/h  is 

Gg/hiz)  =  Gg{z)  -  G-^iz)  =  (^-j        {^jaJa  -  ^f[abc]j[ajbjc])  {z).  (4.22) 
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For  simplicity,  we  restrict  to  the  case  where  the  coset  space  is  symmetric,  i.e. 
f[abc]  =  0.  By  using  the  anitcommutator  (4.17)  and  the  commutators  (4.18),  (4.19), 
and  (4.20),  one  can  show  that  squaring  (4.22)  gives  rise  to  the  energy-momentum 
tensor 

'^g/hi^)     =     ^  (•^°'^»  ~  ifliab]J[ijajb]  "  kjad^j^  {z) 

=   l{jl-{l  +  S,f-kjMa  +  Sf){z),    '  (4.23) 

where  Si{z)  =  -^f[iab]j[ajb]iz).  In  comparison  to  (2.12),  the  energy-momentum 
tensor  T~^f^{z)  is  a  generahzation  of  Kostant  operator  iC^/h-  ^^^^ 
OPE's 

T^AW^i(0)~T^/;.(2)i.(0)~0  (4.24) 
imply  the  orthogonal  decomposition  of  the  superconformal  generators 

7^pAWGA(0)~T-/;,(^m(0)~0.  (4.25) 

Prom  (4.23),  one  can  regard  Kazama-Suzuki  construction  of  equal  rank  embedding 
of  super-Kac-Moody  algebra  as  the  extension  of  the  GKO  construction  of  ordinary 
Kac-Moody  algebra 


{gk/hk)  ~  (5fc//ifc+gv_;,v)  ©so(dim  g/h)i 


(4.26) 
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with  central  charge 

c-/,   =   ^dim,  +  -dim,//.-^^dim/. 

=   \{<^^9lh)--J^i\p,?-W?).  (4.27) 

The  equal  rank  embeddings  in  chapter  2  that  can  be  used  to  construct  the  A''  =  1 
superconformal  models  are: 

•  F4/50(9)  with  central  charge  c^f^  =  2Ak/(k  +  9). 

•  Sp{2n  +  2)/Sp{2n)  x  Sp{2)  with  central  charge  c-/^  =  6kn/{k  +  n  +  2). 

4.3    Kazama-Suzuki  construction  of  A'^  =  2  superconformal  models 

In  the  previous  section,  a  class  of  A'^  =  1  superconformal  theories  is  obtained 
by  an  equal  rank  embedding  of  super-Kac-Moody  algebras.  In  the  case  that  the 
subalgebra  has  u{l)  factor,  there  exists  a  class  oi  N  —  2  superconformal  theories. 
The  equal  rank  embeddings  in  chapter  2  that  are  extented  to  construct  the  N  =  2 
superconformal  models  are  hsted  in  Table  4.1. 


g/h 

su{n  +  l)/su{n)  x  u{l) 

3kn/{k  +  n  +  1) 

sd{n  +  2)/sd{n)  x  so(2) 

3kn/{k  +  n),  n>2 

sd{3)/sd{2)  ~  su{2)/u{l) 

3k/{k  +  2) 

su{m  +  n)/su{m)  x  su{n)  x  ^(1) 

3kmn/{k  +  m  +  n) 

Eelsd{lQ)  X  u{l) 

48k/{k+12) 
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Table  4.1.  Equal  rank  embeddings  and  their  central  charges  c-^^. 

The  iV  =  2  superconformal  theories  have  a  u{l)  current  U{z),  two  supercurrent 
G±{z)  with  u{l)  charges  ±1,  and  energy-momentum  tensor  T(z)  as  their  genera- 
tors. These  generators  satisfy  the  OPE's 

T(.)T{0)   ^   f^?m^mi,  (4.28) 

r(.)£;(o)  ^mjjm,  '  (4.29) 

r(.)G,(0)   ~   4M!^Mi(£),  (4.30) 

U{z)U{0)   ~   ^,  (4.31) 

U{z)G^{0)   ~  (4.32) 

G4z)G40)  ^  ^^^^^m±MM,  (4.33) 
z-^         z^  z 

G+(2)G+(0)   -  G'_(2)G_(0) -0.  (4.34) 

The  simplest  representation  of  the  N  —  2  superconformal  theories  is  the  su{2)/u{l) 
minimal  model  with  superconformal  generators  as  follows: 

Gi{z)  =  l^-j     {jJi+j2J2){z),  (4.35) 

G2{z)  =  (T^'^\j,j,-jJ,)(z),  (4.36) 

U{z)  =  l^j,  +  '±eu3jihyz),  (4.37) 

^(^)  =  Z  {W'  +        -  inj2Jz  -  Hjidzh  +  j2dj2))  (z).  (4.38) 
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The  superconformal  generators  (4.35)  and  (4.38)  are  the  generaUzation  of  the 
Kostant  operator  and  its  square  of  the  sw(2)/u(l)  model  that  appeared  in  section 
2.2.  At  the  end  of  the  next  chapter,  we  will  derive  these  superconformal  generators 
from  the  gauged  supersymmetric  Wess-Zumino-Witten  Lagrangian  density. 

4.4    Ground  states  of  superconformal  theories 

As  discussed  in  section  4.1  and  4.2,  the  decomposition  of  g  and  h  at  level  k  are, 
respectively, 

9k   =   ^fceso(dim  c/)i, 

h   =  ^fc+gv_fcv  e  so(dim /i)i,  (4.39) 
and  in  terms  of  generators  are,  respectively, 

•-     Ai^)     =  Jli^)-^f[ABC]j[Bjc]{z), 

J^{Z)     =     jH^)-2^[iab]j[ajb]{z)--f[ijk]j[jjk]{^^  (4-40) 
^  V  V  ' 

Prom  the  viewpoint  of  representation  theory,  the  affine  weights  of  gk  and  hk  cor- 
responding to  (4.39)  and  (4.40)  are,  respectively, 

A  +  Pg  =  {A;k;-m)  +  {pg;g'';0),  (4.41) 
X  +  Ph   -    (A;A;  +  y^-/i^;-n)  +  (p;,;/i^;0).  (4.42) 
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Recall  that  an  affine  Weyl  group  of  ^  is  a  semidirect  product  of  the  Weyl  group 
of  g  by  the  group  of  translations  by  coroots.  The  afiine  Weyl  group  still  preserves 
the  afiine  scalar  product  [7,  8].  This  allows  us  to  define  an  Euler  multiplet  of  g/h 
as  a  set  of  the  affine  weights  of  h  in  accordance  with  the  GKRS  construction 

{c.A  =  c(A  +  pJ-/5;,}.  (4.43) 

Now  let  us  suppose  that 

k  + pg>w-\(i  + ph),  (4.44) 

where  jl  is  an  affine  weight  of  h  in  the  decomposition  of  ®  5  into  irreducible 
representations  of  h  and  w  is  an  element  of  the  affine  Weyl  group  such  that  w~^{fi-\- 
Ph)  is  a  dominant  weight.  In  analogy  to  the  calculation  of  Lie  algebras  in  section 
2.3,  one  can  show  that  (4.43)  gives  us,  by  using  the  identites  in  appendix  C, 

(C2(A)  -  CM  +  |p,|2  -\p^\^)-m  +  n>  0.  (4.45) 

Z\K  -\-  g  ) 

As  a  result  of  (2.20),  m  =  n.  This  means  that  in  the  Kazama-Suzuki  construction 
if  /i  =  c  •  A,  the  affine  weight  of  gf.  at  grade  m  always  gives  the  affine  weights  of 
hj^^gv_fiv  at  the  same  grade  m  as  the  Euler  multiplet.  Adding  and  subtracting  by 
the  eigenvalue  of  the  spinor  highest  weight  of  so(dim  g/h)i  to  (4.45),  we  obtain 


^       (C2(A)  -  CM)  +       --^(dim  g/h)  +     ^       {\p,\'  -  >  0. 


2{k  +  g^)'    '  '  2        16^  '     2{k  +  g'') 


A  (=  conformal  dimension)  — 

(4.46) 
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(4.46)  corresponds  to  the  vanishing  of  modular  anomaly  of  the  Kazama-Suzuki 
coset  model  and  is  the  eigenvalue  of  zero  mode  of  energy-momentum  tensor  (4.23). 
(4.46)  also  implies  that  the  Euler  multiplets  are  the  intrinsic  ground  states  of  the 
superconformal  field  theories. 


CHAPTER  5 

THE  GAUGED  SUPERSYMMETRIC  WZW  LAGRANGIAN 

In  the  previous  chapter,  the  superconformal  generators  of  the  SU{2)/U{\) 
superconformal  model  were  derived  from  the  superconformal  algebra  based  on 
the  Kazama-Suzuki  construction.  In  this  chapter,  we  will  study  a  Lagrangian  of 
SU{2)/U{1)  model  as  an  underlying  theory  of  the  superconformal  field  theory. 

Although  the  gauged  supersymmetric  Wess-Zumino-Witten  action  of  the  N  =  2 
SU{2)/U{1)  model  was  ready  worked  out  in  the  Nakatsu's  paper  [16],  a  derivation 
of  the  superconformal  generators,  supercurrents  and  energy-momentum  tensors, 
was  not  done.  After  reviewing  the  gauged  supersymmetric  Wess-Zumino-Witten 
action,  we  compute  those  superconformal  generators  by  applying  Noether's  method 
to  the  SU{2)/U{1)  Lagrangian  in  the  end  of  this  chapter. 

5.1    The  gauged  supersymmetric  WZW  action  of  a.  G/H  model 

The  level  k  Wess-Zumino-Witten  action  at  the  infrared-stable  fixed  point  is 


[17] 


(5.1) 
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where  the  first  integral  is  over  a  world-sheet  with  the  Minkowski  metric  77^"  = 
diag(l,  —1)  and  the  second  one  is  the  volume  integral  bounded  by  the  world-sheet. 

In  the  light  cone  coordinates^  z  =  xq  +  Xi,  z  =  xq  —  Xi,  dz  =  ^(gf^  +  gf^), 
and  =  —  gf^),  varying  the  WZW  action  yields  two  equivalent  equations 
of  motion 

[djUU-')  =  d,  [U-'dM)  =  0.  (5.2) 

Now,  consider  a  gauged  supersymmetric  WZW  Lagrangian  on  a  G/H  model. 
Let  {T\  (T")+,  (T")-}  be  generators  of  g  =  h®t+®t_,  where  {T}  generate  h, 
{(T")"*"}  generate  t+,  and  {(T")"}  generate  Replacing  the  partial  derivative 
with  covariant  derivative, 

d^-^D^^d^-  [A^,  ■  ],  (5.3) 

where      are  the  //-valued  gauge  fields  and  adding  the  fermionic  Lagrangian,  one 
yields  the  gauged  supersymmetric  WZW  action  of  a  G/H  model  at  level  k  is 

2iT  ^  r 

-^S{U,A,^)   =   -  dW^{d,U-'dM} 
k  o  J 

+^  /  ^V"^"  Tv{g-'d,UU-'dMU-'d,U} 

+^  I  £xr)^''  Tr{A^dMU-'  -  AM'^d^U  +  A^UAM''  -  A^A,} 

-i  I  (fx  TV{^7^(a>  -  [A^,  ^])}.  (5.4) 
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The  action  (5.4)  is  in  the  supersymmetric  form.  It  consists  of  the  Wess-Zumino- 
Witten  action  belonging  to  the  group  G,  the  action  of  the  fermions,  and  the  in- 
teraction terms  between  the  fermions  and  the  currents  associated  to  the  group  H. 
Varying  (5.4),  one  obtains  the  equations  of  motion 


and 


D,  (U-'D^U)  =  F, 

ro^ilj  =  0. 


(5.5) 
(5.6) 

(5.7) 


5.2    N  =  2  superconformal  symmetry  of  the  G/H  model 


On  the  two-dimensional  world-sheet,  the  7-matrices  are 


7°  = 


^  1^ 


7 


1  0 


(5.8) 


and  the  two-component  spinor  is 


[  r  ) 


(5.9) 


where  V+  =  A+T+  +  X'T'  and  V"  =  X^T+  +  x'T' .  ^ 
■^The  sums  over  indices  are  suppressed. 
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The  action  (5.4)  is  invariant  under  the  A''  =  2  superconformal  field  transforma- 
tions. For  holomorphic  or  left-moving  part,  those  two  sets  of  field  transformations 
under  infinitesimal  Grassmannian  parameters  e±  are 

5+U  =  e+{z)X+UT+, 

=  0, 

5+X-   =  ie+{z)Tv{{U-^DU)T-}, 

=  0,  (5.10) 


and 


6_U  =  e.{z)\-UT', 

6.\-  =  0, 

5_A+  =  ie_{z)Tx{{U-^DU)T^}, 

5_x^  =  0.  (5.11) 


Similarly,  for  antiholomorphic  or  right-moving  part,  they  are 


5+U  =  e+{z)x-^T^U, 

S+X^   =  0, 

6^X-   =  iMz)Tr{(DUU-')T-}, 

=  0,  (5.12) 
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and 

-5_x'  =  0, 

S_X+  =  ie4z)Tr{(DUU-')T^}, 

5_A±  =  0.  ■  (5.13) 

One  can  show  that  the  fields  /  =  f/,  A,  or  x  preserve  the  iV  =  2  superconformal 
algebra 

Sj'^f  =  O'_/  =  0,  (5.14) 

and 

[5^,S.]f  =  -ie^e.Df,  (5.15) 

after  using  the  gauge  covariant  equations  of  motion.  (5.15)  means  that  the  commu- 
tator of  two  superconformal  transformation  is  a  conformal  transformation.  Sim- 
ilarly, the  commutator  of  a  conformal  and  superconformal  transformation  is  a 
superconformal  transformation.  Thus,  the  conformal  and  superconformal  trans- 
formations close  to  form  the  superconformal  algebra. 
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5.3    The  SU{2)IU{\)  model 


Let  a\i  =  1,2,3,  be  the  Pauli  matrices  and  let  T°  =  /,  T+  =  Kcr^ 
T-  =  \{o^  -  ia^),  and      =       be  the  basis  of  fundamental  fields,  U,  A,  ip,  over 
SU{2)  manifold.  In  the  SU{2)/U{1)  model. 


U  =  UoI  +  iUxG^  +  iU2a^  +  iU^o^  = 


-U2  +  iUi  Uo-iU3 


,  detU  =  1, 


A,  =  AlT^,  Aj  = 


and 


The  gauged  supersymmetric  WZW  action  of  the  SU{2)/U{1)  is 


k 


+  j  (fx  Ti{AlT^d^UU-^  -  AlT^U-^d.U 
^AlA^T^UT^U-^  -  y4^A|r^r^} 

-I  I  d^x-  {d.  -  Al)  x+  +  A-  (a,  -  A{)  A+}. 


(5.16) 
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For  an  infinitesimal  parameter  of  the  local  U{1)  subgroup,  e  =  e'{x)T  =  e^(a:)T^ 
the  action  S{U,  A,  x,  A)  is  invariant  under  the  local  U{1)  gauge  symmetry,  ^ 

5U  =  e'{x)[T\Ul 
5A,   =  D,e{x)  =  d,e\x)T\ 
5A-,  =  Dj€{x)  =  d^e^x)T\ 

=  e\x)[T',x% 
5A±   =  e^(x)[T^A^]. 

The  variation  of  U  in  terms  of  components  is 


SUo  =  5U3  =  0,  5Ux  =  -'-eHx)U2,  SU2  =  '-eHx)Ui.  (5.17) 


Because  the  gauge  group  is  chosen  to  act  freely,  the  gauge  can  be  conveniently 
fixed  by  gauging  away  one  of  the  off-diagonal  components  of  U.  This  gauge  choice 
is  called  a  unitary  gauge. 

5.3.1    The  SU{2)/U{1)  gauge-fixed  Lagrangian 

As  previously  derived  in  section  5.1,  the  equations  of  motion  of  SU{2)/U{1) 
model  one  yields  after  varying  (5.16)  are 

D,[DjUU-')  =  {d,Al-d.Al)T'  (5.18) 
D^[u-'DM)   =   {d^Al-d,Af)T^  (5.19) 


V  -  /'  =  e'fe-'  =  f+[eJ]  +  h  [e,  [e,  /]]  +  •■. 
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Tr{[DjUU-')T^}  +  iX~X^   =  0 
Tr{[U-'D,u)T^}-iX-X-^   =  0 
D,x^  =  Dj\^   =  0 


(5.20) 
(5.21) 
(5.22) 


Let  [/2  =  0  be  the  local  U{1)  gauge  fixing  of  U  and  let  Uq  =  0i  and  Uz  =  02-  So, 
we  have 

t/i  =  (1  -  0?  -  4>iY^'  =  (1  - 1<^^)^/^  (5-23) 


and 


/ 


U  = 


\ 


V 


(5.24) 


0  i(l  - 

z(l-|0|2)V2  ^ 

where  0  =  0i  +  z02  and  (p  =  4>i  -  i02-  For  convenience  in  writing  a  gauge  field, 
define  the  bosonic  currents 


(5.25) 
(5.26) 


and  the  fermionic  currents 


3f   =   X  X^- 


(5.27) 
(5.28) 


Solving  (5.20)  and  (5.21),  one  obtains  the  gauge  fields 


(5.29) 
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and 


^3  _  _/b  (5.30) 


By  substituting  the  fields,  U  and  A,  into  (5.16),  one  yields  the  gauge-fixed 
Lagrangian  density 


Note  that  in  the  unitary  gauge  the  Wess-Zumino  term  is  a  total  derivative  and  can 
be  dropped  out. 

To  obtain  the  explicit  superconformal  transformations  which  are  the  invariance 
of  the  gauge-fixed  action,  we  write  the  Lagrangian  density  (5.31)  as 

^^(0i,2,Xi,2,Ai,2)   =   ^  rrr^  +  i2^{Xidzk  +  XiOzXi) 

k  m  i=i 


2i{dz4>24>i  -  dzM2)  _^  2i((/)i5e02  -  (t>2dz4>\) 


4A1A2X1X2 


(5.32) 


In  case  (t)\  =  sinrcost  and  02  =  sinrsin^,  the  first  term  on  the  rhs  of  (5.32)  is  the 
two  dimensional  black  hole  metric 


(5.015.01  +  a.02^  ^  g^^^^  ^  tan\8^td,t.  (5.33) 


1-I0P 
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5.3.2    N  =  2  superconformal  transformations 

In  the  holomorphic  sector,  the  fields  transform  under  the  infinitesimal  Grass- 
mannian  constants  ci  as 


(^101 

=  ei(l- 

5iAi 

= 

\4>\Y'^\id,(l>,  -  h^M, 

81X2 

|0r)-'/'(i5.02  +  0lAlA2), 

SiXi 

=  ^1(1- 

|0P)-'/'(</>lA2-02Ai)X2, 

S1X2 

=  -ei(l 

-  |0n-^/^(0iA2  -  02Ai)x 

and  under  the  infinitesimal  Grassmannian  constants  62  as 

Ml  =  62(1  -  |</>P)^/'A2, 

52h  =  -62(1-101')^/%, 

S^X,  =  -e2{l-\(t>\y^Hid,(p2  +  (f>iX,X2), 

S2X2  =  62(1  -  -  </)2AiA2), 

S2X1  =  -e2(l-|0|')"'/'(<^iAi  +  02A2)X2, 

S2X2  =  e2(l-|</>|2)-^/'(0iAi  +  02A2)xi.  (5.35) 
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In  the  antiholomorphic  sector,  the  fields  transform  under  the  infinitesimal  Grass- 
mannian  constants  Ii  as 


5 1(1)1 

=  ^1(1- 

=  Ml- 

^1X2 

=  ^1(1- 

+ 01X1X2), 

^lAi 

=  ^1(1- 

|0r)-'/'(0lX2-02Xl)A2, 

61X2 

-|0lV/'(0lX2-02Xl)A, 

and  under  the  infinitesimal  Grassmannian  constants  €2  as 


(5.36) 


S2<I>1    =  62(1-101^)^/^X2, 

^202     =  -Ml  -  \M')'^'XU 

S2X1   =  -e2(l-|0|')"'/'(^«9F02  +  </'lXlX2), 

S2X2    =  €2(1  -|0p)-^/'(za.0i-  02X1X2), 

^2Ai    =  -e2(l-|0|')"'/'(0iXi+02X2)A2, 

82X2   =  e2(l-|0p)-^/'(0iXi+02X2)Ai.  (5.37) 

One  can  directly  calculate  and  verify  that  these  field  transformations  satisfy  the 
superconformal  symmetry 


[(^1,(^2]/  =  -2ieie2d^f, 


(5.38) 
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where  /  =  4>i,Xi,Xi- 

5.4    The  SU{2)/U{1)  superconformal  generators 
In  general  quantum  field  theory,  when  a  field  gets  changed  by  a  total  derivative 

5^  =  a'^d^if,  (5.39) 

Sd^ip  =   a'd^d^ip,     '  (5.40) 

the  Lagrangian  is  also  changed  by  a  total  derivative 

/\  r  /\  r 

5C  =  a^d^C  =  —a^d^^  +  -—a'd^d^^.  (5.41) 

dip  do^ifi 

By  using  the  equation  of  motion 

d  (        \  -  —  =  0  (5  42) 
\ddf,pj  dtp 

(5.41)  becomes 

a^d^  [j^d"^  -  V'^'Cj  =  0  =  a^a^^''^  (5.43) 
where  the  conserved  energy-momentum  tensor  T'^"  is  defined  as 


T^""  =  TT^d'ip  -  rf^'L.  (5.44) 
QO^,p 
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The  energy-momentum  tensor  in  the  holomorphic  sector  is 


T{z)  =  27rr,,  =  TT—  =  Q^d,^,  (5.45) 


and  in  the  antiholomorphic  sector  is 


—  T^^  dr. 

T{z)  =  27rr^  =  TT—  =  ^d,<p.  (5.46) 


When  the  field  gets  changed  proportional  to  a  small  parameter  e,  a  variation 
of  the  Lagrangian  density  gives  the  conserved  current,  after  using  the  equation  of 
motion, 

a^J'^  =  0,  (5.47) 

where 

J'  =  ^'X  (5.48) 

In  the  case  that  the  action  is  supersymmetric,  we  obtain  the  supercurrents  in  the 
holomorphic  sector  as 

=  (.49, 

and  in  the  antiholomorphic  sector  as 

G(I)=2.^*?.  (5.50) 

Now,  we  are  ready  to  compute  the  supercurrents  and  energy-momentum  tensors 
of  the  5'L''(2)/L''(1)  model  from  the  Lagrangian  density  (5.32). 


70 


•  Holomorphic  sector: 


7^i(^)   =    n     ,^^„a/2  ( Wi  +  A2a.02) ,  (5.51) 

Ig,{z)   =  (A^a.^i  -  ,  (5.52) 

k  {l-\(t)\^)' 

+2  (Ai5,Ai  +  Aa^.As) .  (5.53) 


•  Antiholomorphic  sector: 


=  n     ,La/2(Xi^'^i+X24'^2),  (5.54) 

k  (1-|0|2)' 

fe(l)   =                    (X2a.<^i  -  Xi5.02) ,  (5.55) 

A;  (1  -  101-^) 

2^,_.  {d^^id^      ^.  (01^,02-02^01) 

+i  (Xi^Xi  +  X2dzX2)  ■  (5.56) 


Up  to  some  multiplicative  factors,  these  superconformal  generators  axe  similar  to 
those  shown  at  the  end  of  section  4.3. 


CHAPTER  6 
CONCLUSION 


We  studied  the  GKRS  construction  of  an  Euler  multiplet  of  semisimple  complex 
Lie  algebras  and  extended  the  construction  to  basic  Lie  superalgebras.  We  observed 
that  the  Kostant's  cubic  Dirac  operators  of  these  two  algebras  are  in  a  similar 
form  and,  in  the  case  of  semisimple  Lie  algebras,  are  analog  to  the  supercurrents 
in  superconformal  field  theories. 

At  the  level  of  representation  theory,  we  studied  the  analogy  between  the  GKRS 
construction  of  the  Euler  multiplet  of  semisimple  complex  Lie  algebras  and  the 
Kazama-Suzuki  construction  of  super-Kac-Moody  algebras  associated  with  super- 
conformal field  theories.  The  Euler  multiplets  constructed  by  the  GKRS  method 
were  found  to  be  the  intrinsic  ground  states  of  superconformal  theories.  The  mini- 
mum eigenvalues  of  the  Kostant  operator  in  the  GKRS  construction  and  of  energy- 
momentum  tensor  in  the  Kazama-Suzuki  construction  were  derived  from  the  Euler 
multiplet  and  were  shown  to  be  zero. 

We  also  studied  the  gauged  supersymmetric  Wess-Zumino-Witten  Lagrangian 
and  derived  the  superconformal  generators,  supercurrents  and  energy- momentum 
tensors,  in  the  SU{2)/U{\)  case. 


71 


APPENDIX  A 
DIMENSIONAL  FORMULAS  OF  50(9)  AND  F4 


To  calculate  the  dimensions  of  the  irreducible  representations  of  50(9)  and  F4 
Table  2.1,  use  the  Weyl  dimensional  formula  [8,  7].  We  obtain  as  follows: 

•  50(9)  dimensional  formula 

/o(A)   =    (l  +  ai)(l  +  a2)(l  +  a3)(l  +  a4) 

{2  +  di+  a2)(2  +  as  +  a3)(2  +  03  +  a4)/8 

(3  +  2a3  +  54)  (3  +  di  +  a2  +  03)  (3  +  03  +  03  +  a4)/27 

{4  +  0,1+0,2  +  0,3  +  04)  (4  +  0.2  +  203  +  a4)/16 

(5  +  2(a2  +  ds)  +  04)  (5  +  ai  +  02  +  203  +  a4)/25 

(7  +  2(ai  +  02  +  03)  +  04)  (6  +  di  +  2{d2  +  as)  +  a4)/42. 

(A.l) 


•  F4  dimensional  formula 

/o(A)   =   (l  +  ai)(l  +  a2)(l  +  a3)(l  +  a4) 

(2  +  04  +  a3)(2  +  03  +  a2)(2  +  02  +  ai)/8 

(3  +  04  +  03  +  a2)(3  +  03  +  2a2)(3  +  03  +  02  +  oi)/27 

(4  +  04  +  03  +  02  +  oi)(4  +  03  +  202  +  oi) 

(4  +  04  +  03  +  2a2)/64 
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(5  +  04  +  as  +  2a2  +  ai)(5  +  04  +  2(03  +  02)) 
(5  +  a3  +  2(a2  +  ai))/125 

(6  +  04  +  2(03  +  02)  +  ai)(6  +  04  +  03  +  2(a2  +  ai))/36 

(7  +  04  +  2(03  +  02  +  Oi))(7  +  04  +  2a3  +  3a2  +  ai)/49 

(8  +  a4  +  2a3  +  3a2  +  2ai)/8 

(9  +  a4  +  2a3  +  4a2  +  2ai)/9      '  *^ 

(10  +  04  +  303  +  4o2  +  2ai)/10 

(Il  +  2a4  +  3a3  +  4a2  +  2ai)/ll.  (A.2) 

The  numerical  values  of  dimensions  of  50(9)  and  F4  irreducible  representations 
were  also  provided  by  Ref.  [10]. 


APPENDIX  B 
BRANCHING  ALGORITHM 

A  routine  for  branching  a  Lie  algebra  g  to  its  subalgebra  h  can  be  written  by 
using  the  built-in  functions  in  the  LiE,  a  software  package  for  Lie  group  theoretical 
computations  developed  by  Arjeh  M.  Cohen,  Marc  van  Leeuwen  and  Bert  Lisser. 
The  LiE  package  and  its  manual  are  freely  distributed  and  can  be  obtained  at 
http://wallis.univ-poitiers.fr/~maavl. 

The  fundamental  concept  of  a  branching  algorithm  is  as  follows: 

1.  Generating  all  the  weights  of  an  irrep  of  g. 

2.  Projecting  all  p-weights  to  /i-weights  by  the  projection  matrix. 

3.  Selecting  only  the  dominant  weights  of  h  and  assembUng  them  into  the  irreps 
of  h. 

The  branching  from  50(32)  to  50(10)  x  50(2)  is  shown  below  as  an  example  in 
the  LiE  programming  language. 


######################################### 
#A  routine  for  branching  an  irrep  of  50(32)  to  the  irreps  of  50(10)  x  50(2). 
#Input  parameters:  dynkin=X[. . .  ] 

######################################### 
print  ("  \newline" ) 
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print  (dynfcin) 

print(dim(dynA;m,D16))  ... 
print("\newline") 

so32.dom  =  dom_char(c?t/nA;m,D16) 
proj  =[[0,  0,  0,  1,  1,  0,  1,  0,  1,  0,  1,  1,  0,  0,  0,  0], 
[0,  0,  1,  0,  1,  1,  0,  0,  0,  1,  1,  0,  1,  0,  0,  0], 
[0,  1,  0,  0,  0,  0,  1,  2,  1,  0,  0,  0,  0,  1,  0,  0], 
[1,  0,  0,  0,  0,  0,  0,  0,  1,  2,  1,  2,  1,  0,  0,  0], 
[0,  0,  1,  2,  1,  2,  1,  0,  0,  0,  0,  0,  0,  0,  1,  0], 
[1,  2,  3,  4,  5,  6,  7,  8,  9,10,11,12,13,14,  7,  8]] 
poly.sol0so2.dom  =  X(  [0,0,0,0,0,0]) 
for  z  =  1  to  length(so32_(iom)  do 

so32.orb-size  =  W-orbit_size(expon(so32_(iom,  i),D16); 
sol0so2.states  —  n\ill{so32.orb.size,Q); 
so32.states  —  W_orbit(expon(so32_dom,  i),D16); 
for  J  =  1  to  so32.orb.size  do 

sol0so2.states[j]  =  proj  *  so32.states[j]; 

if  U  ==  so32.orb.size)  then 

sol0so2jlom  =  filter  _dom(sol0so2_staies,D5Tl); 

poly.sol0so2.dom  =  poly.sol0so2.dom 

+  (coef(so32_dom,  i)  *  X{sol0so2.dom)) 

fi; 

od; 

od 


sol0so2Jrrps  =  v_decomp(po/?/_sol0so2_dom,D5Tl) 
for  i  =  1  to  \engih{sol0so2Jrrps)  do 

print(coef(sol0so2Jrrps,  i)*X(expon(sol0so2Jrrps,  z))); 

print(dim(expon(sol0so2Jrrps,i),D5Tl)); 

od  . . : 

print  ("\newline") 

######################################### 
#End  of  routine. 

######################################### 


APPENDIX  C 
USEFUL  IDENTITES  OF  AFFINE  LIE  ALGEBRAS 

Let  affine  weight  A  =  (A;  k;  -m)  and  afiine  Weyl  vector  p  —  (p;  0). 

•  The  inner  product  of  the  affine  weights:  (A,  A')  =  (A,  A')  -  km'  -  k'm. 

IpP  =  (P,P)  =  (p,p)  =  ^dim  g. 

•  |A+p|2  =  (A+/3,A+p)  =  (A,A+2p)  +  (p,p)  =  (A,  A+2p)-2m(A;+5^)  +  (p,p). 

•  C2(A)  =  (A,  A  +  2p)  =  (A,  A  +  2p)  -  2m{k  +  g"")  =  gdim  g  -  2m{k  +  p^). 

•  Conformal  dimension:  A-^  =  ^2(k+g'^)  ~ 

•  Modular  anomaly  of  A: 


m?  = 


^     2(A;  +  5^)     2g^     2{k  +  g^)     2^^  ^  24 
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